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Accurate calculation of the space charge force inside charged particle beams is of practical
concern for a deep understanding of the dynamical evolution of beams propagating in ac-
celerators, especially for high-intensity machines. Many computational schemes have been
well developed for space charge calculation. Conventional matrix-based methods are pri-
marily suited for the 2D space charge calculation. However, one major limitation of such
methods is that for the 3D case, the matrix representation becomes much more compli-
cated. In this paper, we propose a new method via tensor representation on a discretized
3D map for space charge calculation. With the utilization of the n-mode product of tensors
(orthogonal basis), the 3D Poisson equation can be solved in a concise manner for not only
the rectangular domain, but also the nonrectangular case. It is shown that the numerical
results of the new method are in good agreement with both the analytical solution of a
3D Gaussian distribution, and the numerical solution of a 2D arbitrary distribution. The
paper details the mathematical derivation concerning the tensor-represented Poisson equa-
tion, the diagonalization of the Laplacian operator, and the specification of boundary con-
ditions. The proposed method can be applied for solving 3D space charge calculations with
sufficient accuracy and efficiency for large-scale 3D simulation of high-intensity beams.

Subject Index G10

1. Introduction

As one of the most fundamental collective phenomena in particle accelerators, space charge
effects refer to the electromagnetic interaction among charged particles in the beams. This in-
teraction manifests itself in a myriad of ways as a defocusing effect, including the formation
of halo particles and consequently the growth of beam emittance, beam quality degradation,
and, at times, beam collective instability or even beam loss.

In recent years, with increased demand of high-intensity beams for a variety of scientific and
industrial applications [1-5], a deep understanding of space-charge-dominated beam dynamics
now plays a pivotal role in the design, operation, and optimization of such high-intensity accel-
erators. In this context, methods for space charge calculation with high efficiency and precision
are of practical concern and increasingly sought after in such areas, since these methods can
provide detailed information on the dynamical behavior of high-intensity beams.
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The essential core for the space charge calculation is the resolution of the Poisson equation.
For the most ideal scenarios of a few special particle distributions, such as the uniform (KV)
distribution or the Gaussian distribution, the Poisson equation can be solved analytically. These
scenarios form the analytical basis for the well-known KV envelope model and the particle-core
method (PCM). However, for most realistic beams, solving the Poisson equation analytically
becomes a formidable task, since the charged particle distribution is complex and boundary-
dependent.

To address this issue, several numerical algorithms have been developed, which usually con-
sist of a particle pusher, a source depositor, and a field solver. The particle pusher and the
source depositor can be achieved via the conventional particle-in-cell (PIC) method [6-8]. In
this method, the distribution of numerous charged particles in a beam is represented by an
ensemble of “macro particles.” These macro particles are interpolated onto a grid (particle
pusher), and each grid node is assigned a specific amount of charge (source depositor).

One of the most conventional field solvers is based on the finite difference (FD) method
[9-11]. In this method, the Poisson equation is formulated as a differential form. Specifically,
with the Laplacian operator discretized as a matrix form, the Poisson equation becomes a set
of algebraic equations, and specific boundary conditions can be naturally satisfied. Besides,
Green’s function based on the Fast Fourier Transform (FFT) provides us another powerful tool
for solving the Poisson equation [12]. In this scheme, the solution is obtained by the integration
of Green’s function and the source field. The efficiency of the calculation can be much improved
via using the FFT method to treat the integration in the frequency domain. Another field solver
to deal with the Poisson equation is the spectral method [13-16]. The idea is to express the
solution of the differential equation as the summation of a series of “basis functions” (e.g.
a Fourier series with sinusoid functions). The coefficients of the basis functions can be then
determined by satisfying the given differential equations.

The most well-adopted spectral scheme is Galerkin’s method developed by Galerkin in 1915,
which transforms the continuous equations into discrete forms (e.g. the Sylvester matrix equa-
tions) by imposing linear constraints based on the finite sets of basis functions. In the classic
literature Ref. [17], Haidvogel and Zang solved the 2D Poisson equation with the Chebyshev
polynomials via the Alternating Direction Implicit (ADI) iteration [18] and the matrix diag-
onalization technique. Recently, Fortunato and Townsend made an extension from the FD
discretization to the spectral methods by using the ADI iteration for solving the 2D and 3D
Poisson equations [19]. However, for dealing with the 3D case, large matrices are required for
implementation of the Kronecker product, which usually causes numerous unnecessary zero
elements in the matrices and thus costs much extra computation time. The widely employed
matrix representation faces a challenge when extending to the 3D case [20,21].

In this paper we propose a new scheme for 3D space charge calculation based on tensor
decomposition and the n-mode product. By utilizing the technique of tensor decomposition,
the discretization issues of 3D and higher Poisson equations can be conveniently represented
by higher-order tensors (more details can be found in Appendix A). Originally proposed by
Hitchcock in 1927, tensor decomposition is an effective method for tensor analysis [22,23].
In the last ten years, interest in tensor decomposition has fast expanded to many other fields
[23,24]. In the proposed scheme, the distribution of charge density and potential are discretized
to third-order tensors. The Laplacian operator is represented by the n-mode product. Various
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boundary conditions are specified on the surface of the third-order tensors. Furthermore, the
computation speed can be largely increased by avoiding the matrix representation.

This article is structured as follows: After the introduction in Section 1, the mathematical
derivation of the tensor-decomposition method (TDM) is presented in Section 2. Section 3
discusses the diagonalization of the Laplacian operator and specification of the Poisson equa-
tion with several typical boundary conditions. The algorithm flow of 3D space charge calcu-
lation is detailed and demonstrated in Section 4, with concrete examples for benchmarking
shown in Section 5. A summary is given in Section 6.

2. Discrete axis and maps, the discretized Poisson problem
The Poisson equation in the beam’s rest frame reads
_olers) 0
where x and y denote the coordinate of the horizontal and vertical direction, respectively, on
the transverse plane. z is the longitudinal direction. V? is the Laplacian operator. ¢(x, y, z) is
the potential function, p(x, y, z) denotes the charge density, and ¢, is the vacuum permittivity.

For numerical calculations, the continuous charge distributions are typically discretized to
particle lists, and then attributed to discretized grids. For instance, in the PIC method there ex-
ist several useful algorithms to obtain the charge on the 3D grid from a distribution of macro
particles, such as the Nearest Grid Point (NGP, zero-order interpolation), the Cloud In Cell
(CIC, first-order interpolation), and the Triangular Shaped Cloud (TSC, second-order inter-
polation) [12,25]. In the following, the 3D grid is used for the third-order tensor-generalized
calculation.

Firstly, we discretize the Poisson equation on the cube by using the FD method in each one-
dimension, given by

V2o(x,y,z) =

(%0 @ik = 20k + in1 ik

[ 9x7 i,jk h3

_32_<P_ Gtk = 20 jk + @i j-1k

[ 92 ijk h;

_32_90_ _ Pijktl — 20i jk + @i j k-1 @)
[ 922 ijk h? ’

in which /., - denotes the step width in x, y, and z, respectively. The indices i, j, k are the indices
of the grid, with 1 <7, j, kK < N, ,, .. Accordingly, the density p should be also discretized with
the step width &, ), -.

In order to conduct the FD method described in Eq. (2), one can place data points at the grid
boundaries, which makes the calculation of derivatives easier. However, we here use a strategy
whereby all sampling positions are assumed to be located at the center of each mesh grid, as
schematically shown in Fig. 1. The charge of a particle contributes to the density of the two
nearest adjacent grids. More specifically, for the particle located at the position X, in Fig. 1,
the charge is distributed to the mesh nodes X; and X;,; by the CIC (first-order interpolation)
method. The advantage of such a discretization manner is that the numerical integration do-
main remains within the range of 0 to L, where L is the maximum length of the integration
domain. Consequently, the orthogonality of the discretized basis functions is preserved (fur-
ther details can be found in Appendix B).
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Fig. 1. Schematic drawing of particles distributed in the 1D discretized space, in the range of 0 < X <
Ly. The first discretized point (X)) is at 1y /2 and the last discretized point (Xy,)issetat Ly — hy /2. X,
denotes the particle in the range of X; < X, < Xjy;.

One can see from Eq. (2) that for the 1D Laplacian operator, it can be represented by a
convolution kernel [1, —2, 1], which is an approximation of the second derivative. For a given

vector u = [uy, us, ..., u,], the convolution at the ih point is given by
—2u;+u i+1
(DXu)l - h2l : ’
X

where u;_; and u;,; are the neighboring values of u; and X represents x, y, z. In terms of the
matrix multiplication, in the absence of boundary conditions, such an operation can be written
as Dyu, with

Dy = (3)

\"-
The matrix representation of the Laplacian in Eq. (3) is widely used in numerical analysis
and scientific computing, particularly in solving partial differential equations via FD meth-
ods [9]. The explicit expression of Dy for three typical boundary conditions will be presented
in Section 3.
Next, we diagonalize the Laplacian operator Dy via eigenvalue decomposition, given by

Dy = UM AU, “)

where A y is the diagnosed eigenvalues with A y = diag(1y), and UX) the corresponding eigen-
vectors. With the discretized charge density 6 shown in Fig. 1 and the Laplace operator Dy,
the Poisson equation in Eq. (1) can be converted to the discretized form

A

- . A o
leDx+(pX2D}f+(pX3Dz:_€_- (5)
0
The symbol “x,” denotes the n-mode product (more details can be found in Appendix A).
¢ € RNV->xNxN: g the discretized potential map to be solved, and p € RV-*M*N: g the discretized
density map that is known to us.
Now we are ready to carry out the higher-order decomposition on both sides of Eq. (5). The

decomposed form for ¢ and 6 can be written as, respectively,
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Pp=Sx; UV x, UP x; U, (6)

=K x; UV x, UP x5 U = 4. @)

3 |

Here, UY) € RV¥*Nx is a set of discrete basis on which the tensor ¢ is projected with the n-
mode product. S € RV>*N>N: g the coefficient tensor of the discretized potential function to
be solved. K € RV-*N:xN: ig the coefficient tensor of the discretized charge density that can be
obtained from a given p. 4 is the “right-hand-side tensor,” which will be discussed later. Note
that the expression in Eq. (7) is for the cases of an ideal metal boundary condition. For other
cases, the tensor 4 depends on the specified boundary condition, which is detailed and analyzed
in Section 3.

With the discretized Poisson equation in Egs. (5-7), our task is to solve the coefficient tensor
S. We specify the basis U, U®, and U® to be the eigenvectors U™, U, and U®, respec-
tively, in Eq. (4) without loss of generality. Combining Egs. (5-7), we find

S x1 (D UD) x, UP x3 U + 8 x UD x5 (D,UD) x5 UD
+8x, UV x, U x5 (D.UP)=K x; UV x, U x5 U, ®)

Substituting Eq. (4) into Eq. (8), we have
Sx1 (UPA) 3 UP x3 U 48 x; UV 5 (UPA)) x5 U
+8x1 UV x3 U x5 (UPDA,) =K x; UV x, U x5 U, )

And, performing the n-mode product operation x; UMD~ x, U~ x5 UP =1 on both sides of
Eq. (9), we obtain

SXle+SX2Ay+SX3AZ=K. (10)

With the diagonal eigenvalue matrix Ay, S is linearly dependent on K, and thus Eq. (10) can
be written as

where i, j, k are the indices (0 < i, j, k < Ny), and the eigenvalue A x[i] = Ax[i, i]. Here and in
the following text, we use square brackets “[...]” to represent the tensor elements. The tensor S
can be computed via

K[i, j, k]

S K= e+ e (12

Finally, the discrete potential function ¢ can be obtained by substituting Eq. (12) into Eq. (6).

3. Diagonalization of Laplace operator and specification of boundary condition

The expressions of Dy in Eq. (3) with different boundary conditions can be specified as follows
(see, e.g. Ref. [26]).
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(1) For the Dirichlet boundary condition with u(—hy) = a and u(Ly + hy) = b,

=2 1
1 -2 1
Dy=—" 13
Y7 (hy )2 (13)
1 -2 1
1 -2
(2) For the periodic boundary condition with u(—hy) = u(Ly + hy),
=2 1 1
1 -2 1
D ! (14)
Y7 (hy )
1 =2 1
1 1 -2
(3) For the Neumann boundary condition with 2% (—hy) = a and 2% (Ly + hy) = b,
-2 2
1 -2 1
_ 1 15
Y7 (hy )2 (15
1 =2 1

In order to obtain the orthogonal basis U*) in Eq. (4), the Laplace operator by matrix rep-
resentation Dy needs to be decomposed either analytically or numerically. For example, the
Python module numpy.linalg.svd( ) [27] can be used to perform the numerical calculation of the
eigenvalues A y and eigenvectors UX) with three typical boundary conditions.

It should be emphasized that the boundary conditions can be different in the three spatial
directions x, y, and z. In practice, the boundary conditions can be flexibly specified. For the
simulation of particle beams in accelerators, the periodic condition is usually chosen for the
longitudinal direction z, and the Dirichlet boundary condition is set for the transverse plane x
or y.

3.1. Dirichlet boundary condition
We first specify the Laplacian operator with the Dirichlet condition, since it is the most common
application for beams travelling in accelerators. Figure 2 shows an example of eigenvalues and
eigenvectors of the Dy defined by Eq. (13). One can see the curves of the eigenvalues are cosine-
like, while the curves of the eigenvectors are sine-like [28].

In general, the ith eigenvalue A x[i] can be expressed from Eq. (13) as

hox[i] =h;[2—2cos(NX”jr 1)] (16)

and the corresponding jth component of the ith eigenvector takes the form

a2 . [7G+DG+ D
Uxli, j] = NX+1s1n[ Ny 11 ] (17)
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Fig. 2. A demonstration of the eigenvalues A y (left) and the first three eigenvectors UY) (right) of Dy
with NX = 30, hX =1.

Equation (17) provides a set of sinusoidal function expansions based on the Discrete
Sine Transform (DST) [28], which indicates Uy is an odd function around j = —1 and
j = Ny.

The mesh grid should be defined in such a way that the extrapolated points n = —1 and n =
Ny are located on the metal boundaries. Consequently, the potential on the boundaries is zero.

As mentioned above, the right-side tensor 4 defined in Eq. (7) is not simply —p/¢. In fact,
the boundary condition ¢(0) = a, ¢(Ly) = b should be taken into account.

The data volumes of the right-side tensor 4 are schematically shown in Fig. 3. The green
and yellow volumes together represent the data volumes of charge density g, with the yellow
volume signifying the boundary data that will be replaced by Dirichlet boundary conditions.
The blue volume indicates the extrapolated region that will be used to calculate the Dirichlet
boundary condition. The implementation of the Dirichlet boundary condition on the yellow
volume will be explained in detail below.

The right-side tensor A4 should be treated such that the “shell” (shown as the yellow volume
in Fig. 3) of the tensor A satisfies the Dirichlet boundary condition. For example, in the x-
direction, as schematically shown in Fig. 4, the right-side tensor 4 is modified with Eq. (18) and
Eq. (19), and becomes A. Since the boundary condition is independent of the three directions
(x, y, z), for the y- or z-direction, the right-side tensor 4 has similar modifications.

=00,k 2015k — 92k

/][lvj’ k]_ h2
= All. j k- T4
) a
= Al j. k] = 55 (18)
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[ boundary data
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[ inner part of data

Fig. 3. Schematic drawing of the right-side tensor A.

solving domain

boundary | : boundary X
—e e @ * ~—— >
po=ai ¢ ¥ PN,~3 PN,~2 | PN,-1 = b

Fig. 4. Schematic drawing of 1D Dirichlet boundary condition.

—ON,—3.jk + 20N, 2. jk — PN—1.jk

A[N, -2, j, k] = "
. ON.—~1,j.k
=A[Nx_2’J’k]_h—2]
. b
= A[N, -2, j, k] — 2k (19)

It is worth pointing out that the values of the elements at the junctions of the volume (x = 0,
y =0, and z = 0 of the tensor A) take the form

~ a a a
AL L= AL L] = o5 = 5 = o (20)
X y z

3.2.  Periodic boundary condition
The periodic boundary condition is particularly useful in the scenario when the physical do-
main is thought to extend infinitely in some directions and can be represented by a finite,
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solving domain

i boundary boundary X
@ —@ & & L & @ & —® >
PN,~2 | %0 P1 P2 PN-3 PN-2 Yo | @
1

Fig. 5. Schematic drawing of 1D periodic boundary condition.

repeating unit in a computational model. To avoid the complicated calculation of the com-
plex number, in the following we use a set of bases that contains both of the sine and cosine
functions.

The discretized Laplacian operator with the periodic boundary condition can be described
by Eq. (14) with its eigenvectors

1)
Nzln{”0+ ”] if 7is odd
Lo x+ NX
Uxli, j] = 5 wij L (21)
N7 COS (N—X) if i is even,
with the eigenvalue A y:
[+ 1
hﬂmam%ﬁ%]ﬁmmd
lil=1 yd (22)
hy (2—2005 Nt > if i is even.

Clearly, with a given periodic boundary condition and an assumed periodic p, the potential ¢
to be solved is also periodic.
As shown in Fig. 5, we can calculate the tensor 4 via

—@-1.7k 200k — ¢1.jk

A[0, j, k] = 7
N2k T 200,k — 1k
- "
= 4[0, j, k]. )

Since the periodic boundary condition is explicitly included in the Dy [see Eq. (14)], it is not
necessary to modify the right-hand tensor 4 with the periodic boundary condition.

3.3.  Neumann boundary condition

The Neumann condition is employed with a given constant electric field at a surface. In this
case, the discretized Laplacian operator with the Neumann boundary condition is described
by Eq. (15), and its eigenvectors are

. mi(j+1)
Ux[i, j] = —, 24
¥, /] NNJM[M+J (24)
with the corresponding i-th eigenvalue
Y i
AXU]__hX.(Z 2cosA&,+_1). (25)
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solving domain

|
! boundary boundary | .
A R ——— : R — B y X
—e—+—e ——e - ® - —o—>
o-1 1 p1{ P2 N,—3 | PN~ \—l:r’\,i
““““ e R R
dpy _ pr1—p-1 _ A PNy =PNp—2 _
(axdn‘* iy G (ay)ﬁﬁ—l‘* i =b

Fig. 6. Schematic drawing of 1D Neumann boundary condition.

As shown in Fig. 6, the right-hand tensor 4 with the Neumann boundary condition is

—@-1.jk 200 jk — P1.jk

A[0, j, k] =

h3
=@k —2ahy) + 290, 1k — @1k
— E
2a
=AMLH+F. (26)

The values of the elements at the junctions of the volume (x =0, y =0, and z = 0 of the
tensor A) take the form
2a  2a 2a

A[0,0,0] = A4[0,0,0] + — + — + =, 27
[ ] [ ]+m+m+m (27)

3.4. Open boundary condition

The open boundary condition is adopted for the case when the domain is not completely en-
closed, but extends to infinity in at least one direction. For instance, if the separation between
two bunches is sufficiently large, each bunch can be treated as an isolated bunch, and the 1D
open boundary conditions can be used to solve Poisson’s equation. In this case, the open bound-
ary condition can be approximated to a closed Dirichlet boundary condition with ¢ = 0, in a
sufficiently large computational domain.

However, the large computational domains result in a large cost of computational resources,
and such approximations always reduce the accuracy of the numerical results. To address this
issue, we propose to utilize a smaller boundary domain that is close to the bunch edge. The
value of ¢ in the boundary domain can be formally obtained from a 3D integral,

o(r) = p(r)

4ne0 Ir — r’|
where r is the spatial coordinate of a mesh point that is outside and near the boundary 0 and
Ny . If the metal boundary is involved, the mirror charge distributed outside of the domain also
should be taken into account in p. As shown in Fig. 3, the potential value on any mesh nodes
that satisfy one of the following conditions should be given:

i=—1,i=N,, j=-1,j=N,k=—1k=N.. (29)

: (28)

Indeed, setting a Dirichlet boundary in this way requires a lot of computation. Fortunately,
only the surface nodes of a 3D volume need to be calculated, which can largely reduce the

10/20

920z Ae|\ 10 uo Jasn yeyosulswan-zjjoyw[dH Jap ul Bunyosiojusuoamyos Iny Jeyos|jesen / 1S9O Aq 608801 8/10DEF0/¥/S20Z/2l01e/de1d/woo dno olwepeoe//:sdiy woiy papeojumog



PTEP 2025, 043G01 J. Y. Duetal

Yo

boundary

L10+4k
o—

Y643k Por4k

“o 14k P2+24 Pk T

T

boundary

Yo Yo el Yo

Fig. 7. Schematic drawing of 2D nonrectangular boundary condition.

computation cost. In practice, for the simulation of particles propagating in ideal metal beam
pipes, the charge density on the metal boundary can be set to zero to simplify the computation.

3.5. Noncube boundary shapes

Equations (13-15) represent the 1D discretized Laplace operators with three typical bound-
ary conditions. This is applicable for cases with a rectangular domain, for which boundary
conditions can be implemented to different 1D operators. For instance, with a transverse open
boundary and longitudinal period boundary [i.e. the expressions of D, take the formin Eq. (14),
while D, and D, are in the form in Eq. (13)], the discretized potential ¢ and discretized charge
distribution 6 take the 3D tensor form, and the discretized formula in Eq. (5) is still valid for
solving the Poisson equation.

In practice, however, the cross section profile of the beam pipe is usually round, ellipti-
cal, or other special shapes (such as racetrack). In those cases, Eq. (5) is inapplicable since
the boundary conditions cannot be implemented via simply specifying the form of D, and
D,. As an example, the profile of a nonrectangular beam pipe is shown in Fig. 7. The blue
curve represents the profile of a nonrectangular beam pipe. In our method, the potential val-
ues ¢ at the nonrectangular boundaries are well approximately represented by the nearest
mesh grids. By setting such a boundary condition, the discretized Poisson equation takes the
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form

¢ %1 (4, ® D+ Dy ® L)+ " X3 D = = (30)

0

Here, the superscript symbol “x” denotes the map discretized in a 2D tensor, i.e. ¢*, p* €
RVN>N: The symbol “®” denotes the Kronecker product (here, I, ® Dy + D, ® I, is the op-
erator of the five-point method in the FD method). I, € R¥»>Ne» are the identity matrices.
The expression for Dy, D,, and D in Eq. (13), Eq. (14), or Eq. (15) depends on the specified
boundary conditions. The steps for solving Eq. (30) are identical to those for Eq. (5) in Sec-

tion 2.

4. Algorithm flow
In the practical application of solving the Poisson equation based on the tensor-generalized
spectral method described above, a major error source is the choice of the boundary con-
ditions. In accelerators, a train of charged particle bunches are produced, accelerated, and
transported in an ideal metal. The image charge of a beam affects the motion of the beam.
As a result, the Dirichlet boundary condition is usually chosen for solving the Poisson equa-
tion in the transverse plane. In some accelerators such as Radio-Frequency Quadruples (RFQ),
where the bunches are separated by a short distance, one needs to use the longitudinal periodic
boundary condition to model a single bunch.

For a specified discrete charge density map p with given boundary conditions, the discrete
Poisson equation in the beam’s rest frame can be solved via the following steps:

(1) Obtain the basis UV, U®, and U® with eigendecomposition based on Eq. (4), and
store them as a constant;

(2) Define the right-side tensor A = —p /¢y with the given boundary condition;

(3) Calculate the coefficient tensor K by K = A4 x; UMD~ 5, UD~1 x; UO-;

(4) Multiply KTi, j, k] with 1/(A[i] + A,[/] + A:[k]) to obtain S based on Eq. (12);

(5) Obtain the potential map ¢ via projecting S to UV, U® | and U® with Eq. (6).

The TDM outlined in the above five steps has a computational complexity of
O(N(N,N.(N, + N, + N:)). In practice, the TDM can be adopted to solve the 3D Poisson
equation in a 3D tensor product domain that has identical Dirichlet boundary conditions in two
directions (transverse) and periodicity in the other one direction (longitudinal). The algorithm
of the TDM is summarized as follows:

(1) Store the charge density map as a tensor p;

(2) Choose the Laplacian operator Dy based on the specified boundary conditions;
(3) Specify p with a chosen boundary condition;

(4) Obtain the basis U*) according to the Dy;

(5) Solve the coefficient tensor K with Eq. (11);

(6) Obtain the coefficient tensor S with Eq. (12);

(7) Solve the potential ¢ with Eq. (6).

The computational complexity (the definition of computational complexity can be found in
Ref. [12]) of several useful algorithms for solving the 3D Poisson equation is summarized in
Table 1 and Fig. 8. It can be seen that the computational complexity of the proposed TDM is
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Table 1. Comparison of the computational complexity of several typical algorithms.

Algorithm Complexity

FD O(N®)

Green & FFT O(40N3log,N)
ADI O(N3(log,N)3log,(1/¢€))
TDM O(3N%)

Z 0.8
S 0.6 S
2 —— TDM
2 0.4 e
= —— ADLe= 107"
,E? o2d [ /S K |7 ADI e = 10!
S FD

0.0 — _ ; — ;

100 25 150 175 200

Fig. 8. The computational complexity of the FD method (in yellow), Green’s function based on FFT
(FFT; red), fast Poisson solver by ADI [black, where € = 10713 (solid) or 10~! (dashed)], and TDM
(blue).

less than those of the FD and ADI. Note that the FD algorithm we compared here is based on a
second-order difference scheme without any optimization techniques for matrix computations.

5. Benchmarking

In this section, we carry out benchmarking to check the accuracy of the TDM algorithm.
Firstly, we create a 3D spherically symmetric Gaussian particle distribution, in which the nu-
merical solution of the potential can be compared with the analytical results. Secondly, a more
realistic example of a 2D particle distribution, generated by a transverse multiturn painting
injection procedure, is employed for comparison. Finally, a 3D cylinder beam with a trans-
verse round boundary and longitudinal open boundary is discussed and compared with the 2D
coasting beam.

5.1. 3D Gaussian distribution with open boundary
The formula for the charge density of a spherically symmetric Gaussian particle distribution
o(r)is

Q e
p(r) = ———=e "7, (1)
03«/2713

in which r = /x2 + y% + 22 is the distance to the origin of the Cartesian coordinate system. Q
is the total charge. o is the root mean square (rms) size for all three dimensions. The solution
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Table 2. Example settings of the 3D grid for the tensor.

coordinate range [m] Ny Xo hy [m] o [m]
X —12t01.2 125 0.0 0.019 0.11
y —1.05to0 1.05 125 0.0 0.019 0.11
z —0.8t0 0.8 160 0.0 0.01 0.11
0
20
40
7]
j=h
g 60
" 80
100
120
0 50 100 0 50 100
¥y steps v steps

Fig. 9. (Left) Spherically symmetric Gaussian distribution given by Eq. (31). (Right) The corresponding
analytical potential field, sliced at z = 0.5 m.

¢(r) of the Poisson equation for p(r) can be analytically written as

1 0 r
=—=erf | — 32
o0 = e Zert () (32)
where erf() is the error function.

We create a third-order tensor to store the discretized density p in Eq. (5). The parameters of
the 3D grid for the tensor are summarized in Table 2, where Ny is set to provide an adequate
numerical resolution for the charge densities and the resulting electric fields. Note that the grid
can be set to be arbitrarily asymmetrical for the calculation of the symmetrical distribution.
The corresponding analytical solution is stored in another third-order tensor for comparison
with the numerical solution.

Figure 9 shows a section with z = 0.5 m of the charge density and the corresponding analyt-
ical solution of the potential.

In order to compare the numerical results of the TDM method with the analytical results, for
the numerical calculation, we use the Dirichlet boundary condition to approximately represent
the open boundary condition by the analytical potential distribution on the boundaries. By
doing this, we avoid the electric field distortion caused by the approximation of the boundary
conditions.

The potential of the 3D Gaussian density distribution with the Dirichlet boundary condition
has been calculated and shown in Fig. 10, compared with the analytical solutions of Eq. (31).
The deviation shown in the right panel of Fig. 10 is the difference between the numerical solu-
tion and the analytical solution, normalized by the maximum of the analytical potential field.
It can be seen that the numerical solutions obtained from the TDM are in good agreement with
the analytical solutions.
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0.0015
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0.0010
80

0.0005
100

0.0000
120

0 25 50 75 100 125 0 25 50 75 100 125
v steps y steps

Fig. 10. (Left) Numerical potential field obtained via the TDM algorithm. (Right) The deviation between
the numerical solution and the analytical solution for comparison. Sliced at z = 0.5 m.
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Fig. 11. (Left) Example of 2D arbitrary distribution. (Right) The corresponding numerical potential
field obtained via the FFT method.

The major source of the error is due to the fact that the Dirichlet boundary has been defined
as ¢ # 0, which is in disagreement with the basis Uy from Eq. (17) defined by ¢ = 0 (odd
distribution) near the boundaries. Other contributions to the error may arise from the choice
of the numerical scheme and the grid resolution.

5.2. 2D beam of arbitrary distribution with open boundary

For more realistic particle distributions, the analytical solution of the Poisson equation is not
available. We use the CIC method to obtain the charge density on the 2D grid from 200k macro
particles with a given distribution. Figure 11 shows the charge distribution and the correspond-
ing numerical potential field obtained via the widely employed FFT method based on Green’s
function [12]. The potential field obtained via the TDM algorithm and the deviation from the
FFT result are shown in Fig. 12. One can see that the two algorithms are in good agreement.
The difference between the two methods is less than 2%.

5.3. 3D cylindrical bunch with transverse round boundary and longitudinal open
boundary

To verify the validity of Eq. (30) under the conditions of a nonrectangular beam pipe, let us
consider a cylindrical bunch with transverse Gaussian distribution and longitudinal uniform
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Fig. 12. (Left) The numerical potential field obtained via the TDM algorithm. (Right) The deviation
between the solutions via the TDM algorithm and via the FFT method, for comparison.

distribution. Such a bunch is demonstrated with five slices in the upper panel of Fig. 13. The
density function of the bunch p(r, z) can be written as
R L ()

in which r = /x% + »? is the transverse displacement, Q the total charge of the bunch, o the
transverse rms beam size, and / the longitudinal beam length. H(z) represents the Heaviside
function. In the instance shown in Fig. 13, we choose 0 = 0.015 m, / = 1.0 m, and the beam
pipe radius is 0.1 m. The steps of the 3D grids are chosen as N, = 63, N, = 63, N. = 123.

The potential field of the cylindrical bunch with the round beam pipe is calculated via
Eq. (30), and the result is shown in the lower panel of Fig. 13. One can see that the poten-
tial field reaches its maximum at the center of the bunch, and reduces down to 0 on the surface
of the beam pipe wall.

On the other hand, the 2D transverse electric field of a transverse Gaussian distribution for
a coasting beam with a round beam pipe can be analytically written as (here, the potential on
the round beam pipe is set to zero):

2

Al —e 22

2meg r

E.(r) = ; (34)

where A denotes the line density, which is a constant for the coasting beam. In order to compare
with the numerical results of the cylindrical bunch in Fig. 13, we set A = Q//, and 0 = 0.015
m in Eq. (34).

The comparison of 2D electric fields in the center slice of the cylindrical bunch (marked as
“center slice” in the lower panel of Fig. 13) and the electric fields of the coasting beam is shown
in Fig. 14. It can be seen that the numerical solution of the discrete Poisson equation in Eq. (30)
is in good agreement with the 2D analytical solution of Eq. (34).

The model of the 2D coasting beam is widely employed for the study of beam dynamics,
under the assumption of the realistic finite bunch length as infinite. The major advantage of the
model is the 3D beam dynamics can be decoupled and dealt with in the 2D and the 1D domain,
respectively. An interesting question may be raised as to what extent the 3D cylindrical bunch
can be well represented by the 2D coasting beam model. The numerical calculation based on
Eq. (30) can be applied to address this issue. Specifically, the comparison of the 3D cylindrical
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Fig. 13. (Upper) The charge density on five representative evenly distributed longitudinal slices of the 3D
cylinder beam. The red dashed lines represent the transverse beam size at 5o. The round beam pipe is also
shown as blue dashed lines. (Lower) The numerical results of the potential field on the five longitudinal
slices of the beam calculated via the TDM algorithm.
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Fig. 14. Comparison of the 2D analytical solution E, (red dots) and the center slice of the 3D numerical

solution (blue line). 172
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Fig. 15. The maximum transverse electric field E,,,max of the 3D cylindrical bunch model (normalized to
the maximum transverse electric field of the 2D coasting beam model) as a function of the longitudinal
beam length / normalized to the transverse rms beam size 0 = 0.015 m. The beam pipe radius is 0.1 m.

beam and the 2D coasting beam with varying longitudinal bunch length is shown in Fig. 15.
One can observe that when / > ¢ (which is typical for hadron synchrotrons), the electric field
on the the center slice of the 3D cylindrical beam trends to the 2D analytical result.

6. Conclusion

In summary, we have developed the 3D space charge solver based on the tensor decomposition
of discretized charge distribution. In this method, various typical boundary conditions can
be taken into account. It is shown that with the adoption of the tensor representation, the
computational cost of the proposed method can be much reduced by using the n-mode product.

The benchmarking with the analytical solution of a typical 3D distribution and the numer-
ical solution of an arbitrary 2D distribution shows that the proposed TDM gives numerical
solutions of the Poisson equation with high accuracy for specified boundary conditions.

With the advantage of the inclusion of flexible boundary conditions, we believe that TDM
warrants consideration as a viable alternative to the existing methodologies. For example, one
potential application is for the 3D electron bunch with high luminosity and low emittance.
Another important application of the TDM is for the beam-beam effect calculation, which is
being developed.
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Appendix A. The n-mode product

The n-mode product is a fundamental operation in the realm of tensor calculus, and plays
a pivotal role in multidimensional data analysis and TDMs. It extends the concept of ma-
trix multiplication to higher-order tensors. It is denoted as X x, 4, where X is a tensor, 4
is a matrix, and n denotes a certain mode (dimension) along which the n-mode product is
conducted.

To elucidate the concept of the n-mode product, consider a third tensor X of size I x J x K
and three matrices 4, B, and C of size I x L, J x M, and K x N, respectively. The n-mode
product of X by A along its first mode (i.e. n = 1) results in a new tensor of size L x J x K.
The operation is defined as

1

(X x1 A)ij = injkali
i=1

J
(X x2 Bk = injkbmj
j=1

K
(X x3C)ijn = injkcnk’ (A.1)
k=1
where ay;, b,j, and ¢, are the elements of matrix 4, B, and C, respectively, and x;j; are the
elements of the tensor X. Similarly, the discretized Poisson equation in Eq. (5) can be rewritten
as

N, Ny N. ~

~ L A A Pijk
> G uDyit + ) GiiDyyr + Y Gk Do = e (A.2)
i/ J K

Appendix B. Location choice of data points

In Fig. 1, f(X;) is a first-order approximation of the integral from X; — /’—2" to X; + /17", given as

Xit-hy /2

/ f(x)dx ~ hyf(X;). (B.1)
Xi—hyx /2

It can be seen from Eq. (B1) that the sum of all data points approximates the integral from 0

to Lx.

On the other aspect, let us consider that the data points are located at the grid boundaries.
In this case, the sum of all data points is dependent on the integral over the interval —%X to
Ly + hTX, which introduces a bias. This error becomes more obvious with fewer discrete data
points. Similarly, the inner products between the data point vectors and the basis vectors, as
well as the inner products among basis vectors, would correspond to the integral over —”7" to
L+ th rather than 0 to L, i.e.

Ly+hy/2
/ f(x)g(x) dx ~ W Fy Gy, (B.2)
—hy )2
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in which Fy and Gy are, respectively, the discretized form of f(x) and g(x) with the points
located on the grid boundaries. For certain basis functions, such as Legendre polynomials,
which are orthogonal over the interval [—1, 1], extending the integration range would cause
loss of orthogonality and a reduction in the accuracy of the numerical solution.
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