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The reaction mechanism of the quasi-free scattering (QFS) reaction '2C(p,2p)''B is investigated in inverse and
complete kinematics using a '>C beam at 400 MeV/nucleon impinging on a polyethylene (CH,) target. A complete
set of kinematic observables characterizing the three-body final state is obtained through the exclusive recon-
struction of the ''B recoil fragment and the two outgoing protons. For the first time, a systematic Treiman-Yang
test is applied to inverse-kinematics (p, 2p) reactions with a heavy-ion beam, taking advantage of the large phase

space covered by the experimental setup, particularly in non-coplanar kinematic configuration. This model-
independent test confirms the predominance of the QFS reaction mechanism. The characteristic dependence
of the Treiman-Yang angle on the azimuthal correlation of the outgoing protons, along with other kinematic
signatures, provides further evidence for the single-step proton knockout process.

1. Introduction

Quasi-free scattering (QFS) reactions induced by relativistic
radioactive-ion beams on hydrogen targets have emerged as a powerful
tool in modern nuclear physics, enabling the extraction of structural in-
formation on exotic and stable nuclei from experimental observables
[1,2]. In recent years, QFS reactions have provided numerous experi-
mental insights into diverse nuclear phenomena, including shell evolu-
tion in isospin-asymmetric nuclei [3-6], the structure of weakly-bound
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few-body systems [7], short-range nucleon-nucleon correlations [8,9],
alpha clustering [10] and such exotic systems as the elusive tetraneutron
[11] and nuclei beyond the neutron drip line [12].

In particular (p,2p) and (p, pn) cross sections are instrumental for
quantifying the occupation probabilities of single-particle proton and
neutron orbitals [1,13,14]. They provide an important input to under-
standing the shell structure and nucleon correlations in both stable and
exotic systems. At the same time the interpretation of the cross sec-
tions is inherently model-dependent, as it relies on the accuracy of the
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Fig. 1. (a): One-step QFS mechanism of a (p,2p) reaction. The process is de-
scribed as elastic p-p scattering of a virtual proton with 4-momentum ¢, bound
inside the nucleus A, off the target proton p,. The definitions of the energies
and momenta are given in the laboratory frame (see text for more details). (b):
Triangular diagrams for possible secondary processes which lead to the same
three particles in the final state. A process with two protons interacting in the
final state is not shown although it can also contribute to FSIL.

underlying reaction theory - specifically, its ability to account for distor-
tion effects due to initial- and final-state interactions (ISI/FSI) and the
applicability of the impulse approximation [15-17].

From experimental standpoint, isolating genuine QFS events (as de-
picted in Fig. 1a) is another significant challenge. These true one-step
reactions must be disentangled from contributions arising from ISI/FSI
(Fig. 1b) or simply from experimental background. To ensure meaning-
ful comparison with theoretical models, it is therefore crucial to apply
stringent event selection and validation criteria grounded on the impulse
approximation and relativistic kinematics [18,19] .

Here we discuss selected kinematic tests of the QFS reaction mech-
anism for the benchmark reaction '2C(p,2p)!!B in inverse kinematics,
when all three final-state products (the two protons and the !'B frag-
ment) are measured simultaneously. While extending this methodology
to other types of QFS reactions such as (p, pn), (p, pd), (p, pa) is concep-
tually straightforward, it remains poorly investigated experimentally.
The systematic approach presented here may help to pave the way for
similar studies in other QFS experiments.

2. Experimental considerations

The customary approach in inverse-kinematics (p,2p) experiments
involves measurements of outgoing protons with large acceptance and
high efficiency using a calorimetric method, i.e. when protons deposit
energy in thick detectors behind a hydrogen target [20-22]. The signif-
icant probability for high-energy protons to punch through even very
thick materials, depositing only a fraction of the full kinetic energy,
may limit the energy range and accuracy of such experiments. Besides
that the measurements often lack the missing-energy resolution found in
direct-kinematics experiments, where protons are measured with high
resolution but rather limited acceptance, using magnetic spectrometers
[14]. Additional challenges stem from the acceptance constraints im-
posed by an experimental apparatus and a choice of appropriate vari-
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Fig. 2. The definition of a coordinate system for (p, 2p) reactions in inverse kine-
matics. The laboratory Z axis coincides with the momentum P of the projectile
nucleus A. 9, and @, ; are the laboratory polar and azimuth angles of the out-
going protons with momenta p, and p;. The spectator plane in which P and
the momentum of the (A-1) fragment Q as well as the momentum of the virtual
proton g are coplanar is shown by blue shaded area. The gray-shaded area is a
scattering plane in which vectors g, p, and p; are also coplanar. The vector g
lies at the intersection of the two kinematic planes. The inset figure shows the
spectator and scattering planes rotated by the Treiman-Yang angle @, about
the momentum of the virtual proton g.

ables for evaluating phase-space integrals and the acceptance correc-
tions [10,23].

Inverse-kinematics offers a possibility to obtain spectroscopic data
from redundant observation of (A-1) spectator system or its decay prod-
ucts, while the detection of the outgoing pair of protons serves primarily
as a reaction trigger (see, e.g., [24]). In this case, the QFS mechanism
manifests as a narrow correlation of the polar angles 9, and 95 of the
outgoing protons (p, and p; in Fig. 1a) at a nearly constant relative
(opening) angle © defined as:

cos® = 22 P35 _ gy 8, sin 95 cos(p, — @3) + cos I, cos I3, 1)

|p211p3]
where p, and p; are the laboratory 3-momenta of the protons, ¢, and
@5 are their azimuth angles (see Fig. 2). Another QFS signature related
to the underlying two-body process can be found in the azimuthal dif-
ference Ap = @,-¢p; centered at .

Strictly speaking, ® and Ag alone do not provide an unambiguous
identification of the one-step QFS mechanism illustrated by the diagram
in Fig. la. The experimental distributions of ® and A¢ usually span
across several degrees due to Fermi momentum, binding energy, exper-
imental resolutions and individual kinematic scenarios. This leads to
uncertainties with respect to ISI/FSI which may contaminate the same
observation range (see, e.g., [25]). Furthermore, above certain energies
the inelastic p-p interactions need to be taken into account as well Pat-
syuk et al. [9].

Inverse kinematics provides a suitable configuration to test the QFS
mechanism using a limited set of kinematic observables e.g. without ac-
curate energy measurements of the protons in the final state. Here, we
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apply this approach to the reaction '>C(p,2p)!'B measured with a '>C
beam at 400 MeV/nucleon impinging on a CH, target as reported in our
earlier publication [21]. The outgoing protons were measured within a
large solid angle in the laboratory frame, covering @, ; € [0,27] in the
azimuthal direction and 9, ; € [20°,60°] in the polar direction. Com-
bined with the exclusive detection of the outgoing ''B fragment, this
enables a validity test of the QFS pole factorization, using the well es-
tablished Treiman-Yang (TY) test [26].

3. Inverse-kinematics observables

The definition of the kinematical quantities in QFS reactions can be
found e.g. in refs. [23,27,28]. In the usual impulse approximation, (p, 2p)
reactions can be described by the diagram in Fig. 1a. A virtual proton
with 3-momentum g is bound inside a projectile nucleus with mass M,
which has the laboratory momentum P = (0, 0, P,). The spectator frag-
ment with mass M ,_, has laboratory 3-momentum Q = (Q,, Q,, Q,).
Hence, the total energy of the virtual (bound) proton can be defined in
the lab frame as

W)= 04— w4y = \[ M2+ P2 \J(M,_, + E) + 02, @)

where E, is the excitation energy of the (A-1) spectator, corresponding
to the proton-hole state.

In the scattering pole (vertex 2 in Fig. 1a), the virtual proton inter-
acts with the target proton at rest (p; = 0). Two free protons with the
laboratory momenta p, and p; are emitted in the final state. Momentum
conservation leads to the following relation for the 3-momentum ¢q of
the virtual proton in the lab frame

q=P-0=p,+p; 3

Combining this with Eq. (2), the off-shell mass u of the virtual proton
can be writen as

u=1wy -, “
and from the energy conservation in the p-p process it follows that
wy=m,+ T, +T;, 5)

where T, 5 are the kinetic energies of outgoing protons in the lab frame,
and m,, is the proton mass.

An important consequence of Eq. (3) is that g is simultaneously
coplanar with every pair of vectors (p,, p;) and (P, Q). This can be
written as a scalar product

x
cosa=M~i=0, (6)

P> X p3l lal
where « is the angle between the normal vector of the p-p scattering
plane and g. In the case of an ideal QFS mechanism the distribution of «
should be a §-function at /2. Due to the experimental resolutions one
may expect instead a narrow distribution around r /2 that provides an
additional QFS signature.

Fig. 3(a) shows the experimental distributions of « for the reac-
tion 12C(p, 2p)''B. A narrow peak around 90° corresponds to hydrogen-
induced reactions in the CH, target. The rms peak width from a Gaussian
fit is 6 ~ 1.4° due to the experimental resolution. The reactions induced
by the carbon component of the CH, were measured with a pure car-
bon target, which resulted in a much broader distribution as shown in
the same figure. Gating on the a« = 90° peak, the carbon-induced back-
ground can be largely suppressed. In the following discussion the gate
85° < a < 95° is applied everywhere. This corresponds to a background-
to-signal ratio of around 1/11 compared to 1/6 when no such condition
is used.

The coplanarity of the three vectors g, p, and p; can also be exam-
ined by transforming to a rotated reference frame - hereafter referred
as a “q-frame” - which is defined on an event-by-event basis such that
its polar Z-axis is aligned with the direction of g. In Fig. 3 the angular
distributions of the two protons in the q-frame (red empty circles) are
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compared to the analogous distributions in the laboratory frame (blue
filled circles). In Fig. 3b the relative (opening) angle ® is compared to
a simple sum of polar angles calculated either in the laboratory frame
as 98 + 92" or in the g-frame as 9] + 95, where it effectively coincides
with ©. Similarly, Fig. 3c and d compare the azimuthal distributions in
the g-frame and laboratory frame. Narrow azimuthal distributions in the
g-frame reflect the appropriate frame’s rotation which compensates the
broadening effect caused by the nuclear Fermi motion.

Besides the coplanarity condition, which may partly reflect a triv-
ial kinematic correlation among the three particles in the final state, it
is also essential to examine the relative rotation of the spectator and
scattering planes about the vector q. This constitutes the core of the
Treiman-Yang test discussed in Section 4. As discussed in refs. [23,29],
the impulse approximation can break down under certain conditions
due to the complex spin and angular-momentum structure of the reac-
tion amplitude, as well as possible final-state interactions, that should
be reflected in the distribution of the Treiman-Yang angle. For the de-
tailed analysis, we rely on the reconstruction of the complete reaction
kinematics as presented below.

The QFS kinematics can be conveniently formulated in the invariant
form using the formalism of Mandelstam variables. Following the ap-
proach similar to Stetz[23], Debebe et al. [28] and applying notations
for the four-momenta p; ; ; and q as in Fig. 1a, the full system of equa-
tions for the p-p scattering pole can be written as

s=(Py+p3) =(@+p) = u +m +2wom, ™
t=(-p) = —p3)*= —2m,Ts, ®)
u=(q-p3)*=p = p)* =-2m,T, ©)
s+t+u:3m[2,+;42, (10)

where T,; are the laboratory kinetic energies of the outgoing pro-
tons. The proportionality between the invariants ¢ and « and T, is a
characteristic feature of the inverse kinematics. At the same time ¢ and
u define the scattering angles of the two protons.

In the present experiment, an accurate measurement of T,; was
not feasible due to high probability of protons to punch through the
calorimeter and the lack of a reliable energy calibration method for these
events. Instead, T, ; were reconstructed by combining the recoil momen-
tum Q with the angular information of the outgoing protons. This can
be done, e.g., by expanding and solving Egs. (8) and (9)

AEy £ qcos 0,3 \/A2 — m%(Etzol — ¢2 cos? 0,03))

To = E2 — g% cos? 0,3 ~M an
where
/42 + mi
A= wym, + ——and (12)
E = w9 +my, 13)

and the relative angles of the pairs of laboratory vectors (g,p,) and (q,p3)
are defined as 6,, and 6,3, respectively. Only the positive sign in front
of the square root is adopted following the prescription from Baldin
et al. [30]. Eq. (11) can be generalized for a QFS knockout of any other
nuclear constituent by substituting appropriate masses.

Using Ty3), the scattering angle 0, in the p-p center-of-mass frame
can be calculated from

s 2mT;—-Ty)
cos 0* = S R 14
pp s —4m?2 11/2(3’M2,m2) a4

where A(s, 4%, m?) is a Kéllén triangle function [31]

A(x,y,2) = (x — y — 2)> — dyz. 15)

The off-shell mass y and the Mandelstam variable s are determined by
the (A-1) fragment (Egs. (4) and (7)) and thus can be obtained from the
experimental data. Due to the random choice of indices for the two (in-
distinguishable) protons in Eq. (14) the distribution of 67 is symmetric
with respect to z/2.
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Fig. 3. Angular distributions of the final state products from '2C(p, 2p)''B reac-
tion in inverse kinematics. (a): distribution of the angle a (Eq. (6)) measured
with CH, (blue filled circles) and carbon target (grey shaded area) where c~1.4°
is the width of the Gauss fit to the CH, data (dashed blue line). Figures b,c and
d compare angular distributions in the q-frame (red empty circles) with the
analogous distributions in the laboratory frame (blue filled circles). The gate
85° < a <95° is applied in figures b,c and d. In (c) the inset values of oy and oy,
correspond to the widths of the Gauss fit to the distributions in the q-frame and
lab frame, respectively.
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Fig. 4. Experimental distributions (blue points) of the Mandelstam variables ¢
and s, the center-of-mass p-p scattering angle 0, and the missing energy cal-
culated from Eq. (16). Solid red and dashed black curves are the simulations
corresponding to the population of the !'B ground state and a 10 MeV state,
respectively. The missing-energy spectrum shows the Gaussian fit (dashed line)
with the corresponding fit values. The simulations incorporate all experimental
resolutions, acceptances, etc., and are plotted with the same binning and scaled
to the same integrals as the experimental data.
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Fig. 5. Left: Distribution of @y, from the '>C(p,2p)!!B reaction in comparison
to the simulation (both normalized to unity). Right: experimental distributions
of the transverse momentum of the ''B fragment within different ranges of @z.,
where each distribution is normalized to integrated counts from the correspond-

ing @7, range.

100

Fig. 6. Experimental correlation between ®;y and the azimuthal difference of
the two protons Ag = ¢, — @3 — 180° in the laboratory reference frame for the
12C(p, 2p)!' B reaction in inverse kinematics.

Fig. 4 shows reconstructed 7, s and 07 distributions in comparison
with Monte-Carlo simulations based on the relativistic QFS kinematics
code developed in Panin et al. [21], Chulkov et al. [27]. The simulations
take into account all experimental cuts, detector resolutions and geomet-
rical acceptances determined with the help of Geant4. The procedure to
analyze simulated events is the same as for the experimental data. The
resulting rms resolutions for 0, and ¢ are estimted to be around 3.3°
and 0.05 (GeV/c)?, respectively. The p-p cross section in the simulation
is taken to be constant and isotropic in the p-p center-of-mass frame,
while a certain degree of anisotropy may need to be incorporated to
achieve a more accurate reproduction of cos 0, distribution in Fig. 4c.

The reconstructed reaction kinematics is based on the assumption
that !B is populated in the ground state, i.e., that the excitation energy
E, = 0 is used in the calculation of w, (Eq. (2)). To assess the effect
of this approximation, Fig. 4 shows additional kinematic curves for the
reaction with E, = 10 MeV, reconstructed under the assumption E, =
0. The resulting deviations are found to be well within the limits of the
experimental resolution.

For the final consistency check, the missing energy E,; is calculated
from

Emiss: \/ (p1+P_p2_p3)2_MHBs (16)

where p, ;; and P are 4-vectors depicted in Fig. 1a. The corresponding
3-vectors p, and p; are reconstructed using measured proton angles and
calculated kinetic energies from Eq. (11). Fig. 4d shows the resulting
missing-energy distribution with Gaussian rms width ¢ ~ 15 MeV, which
reflects the experimental resolution.
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Fig. 7. Distribution of the Treiman-Yang angle ®y for different ranges of the momentum transfer ¢ and different magnitudes of the !'B recoil momentum Q,; in the
rest frame of '2C projectile. The selected ranges for O, (in MeV/c units) and ¢ (in (GeV/c)? units) are indicated for the corresponding columns and rows on top and
on the right side of the figure, respectively. The experimental data is shown by red circles with the vertical error bars representing the statistical uncertainties. Blue
triangles correspond to the simulations which take into account the experimental acceptance and resolutions of all final-state products. The simulation is based on
the idealized QFS reaction mechanism described by the diagram in Fig. 1a. The statistical errors of the simulations are within the point symbols.

Although such kinematic reconstruction is not suitable for precise
missing-energy spectroscopy of populated proton-hole states, it provides
a practical means to explore the phase space of the three-body final state.
In particular, it enables a systematic test of the impulse approximation
across different kinematic regions by examining the corresponding dis-
tributions of the Treiman-Yang angle.

4. The Treiman-Yang test

The Treiman-Yang (TY) test offers an experimental probe of the pole
factorization illustrated by the diagram in Fig. 1a. Originally suggested
for single-pion exchange reactions [26], the TY test was later general-
ized [32] for other processes where an exchange particle can have spin
1/2, assuming that non-polarized targets and projectiles are used. The
TY test has been applied to study the mechanism of various types of nu-
clear reactions [33-36] and, in particular, has been proposed as a useful
approach in QFS knockout experiments [23]. The test aims at obtaining
a distribution of the angle ®;y which can be defined in Fig. 2 as the
rotation angle between the two reaction planes around the momentum
of the virtual particle q. The angle ®y can be calculated using

Px0
|Px Q|

P2 X p3

. a7)
|p2 X p3l

cos Py =
If the QFS factorization holds, no correlation is expected between the
(A-1) spectator and the scattered protons beyond what follows from the
kinematics, and thus the reaction cross sections should be independent
on @py. At the same time, any significant contribution of ISI/FSI, such
as those illustrated by the triangular diagrams in Fig. 1b or any other
breakdown of the impulse approximation, should lead to observable dis-
tortions [29].

The experimental '>C(p,2p)!!B cross sections in Fig. 5a are found to
be rather uniform over the full range of ®y which asserts the under-
lying QFS factorization. A moderate enhancement (around 10%) in the
vicinity of @1y = 90° is well reproduced by the simulations taking into
account the experimental acceptances and resolutions. Due to the ran-
dom choice of the indices 2 and 3 for the final-state protons, the @1y
distribution is symmetric with respect to z/2 and thus can be replaced
by a reduced angle @7, € [0, z/2] defined as
Dk, = 1/2 — |Bry — /2. 18)

Fig. 5b shows that experimental momentum distributions of !'B frag-
ment are remarkably independent on @7, . This can be seen as another
manifestation of the TY criterion despite the fact that large momentum
components prevail in the non-coplanar region [21], where @7, is close
to 90°. Fig. 6 illustrates the experimental dependency of @1y on the az-
imuthal difference Agp = ¢, — 5 — 180°, where non-coplanar kinematics
clearly dominates around @y = 90°.

Owing to the large phase space covered by the experimental setup, it
is possible to inspect TY distributions for various kinematic cases. Of par-
ticular interest are the regions near extremes of the momentum transfer
t and at large rest-frame momentum Q,;, where substantial deviations
from the simple pole approximation can be expected, as discussed in
Kolybasov et al.[29]. Q,; is obtained by the Lorentz boost of the !'B
laboratory momentum Q=(Q,, 0,, 0,) into the rest frame of the 2C
projectile:

01 = Q. Oy, 7(Q. — BIM}, +0H'/), 19
where M g is the mass of !'B, § and y correspond to the velocity and
the Lorentz factor of the incident '2C beam, respectively.
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Fig. 7 shows @y distributions for simultaneously varied ranges of ¢
and Q,;, and compares them to the simulations which assume the sim-
ple one-step QFS reaction mechanism. The experimental responses and
acceptances for all final-state particles are taken into account in the sim-
ulation. The integral of the experimental distribution in each panel rep-
resents the fraction of the total accepted cross section and is indicated
by the weight factor V, defined as V' = N /N, * 100% where N is
the number of events observed within the selected ¢-Q,; range, and N,
is the total number of accepted '>C(p, 2p)!' B events. By construction, the
sum of all V' values is proportional to the total accepted cross section of
11.8(13) mb. This value is obtained from the total reaction cross section
19.2(18)(12) mb reported in Panin et al. [21], scaled by the experimen-
tal acceptance of 61.7%, as estimated from the present simulations. The
simulated distributions are normalized to the experimental data, and
the reduced chi-squared value ){Vz is indicated in each panel, while the
error bars represent the statistical uncertainties.

5. Discussion

As commonly acknowledged in the literature (see e.g [29,32,33,
371), fulfillment of the Treiman-Yang test provides a necessary though
not sufficient condition for the validity of the impulse approximation.
For example, Kolybasov et al. [29] pointed out that, under certain condi-
tions and approximations, some triangular graphs, such as those shown
in Fig. 1b, may also satisfy this condition. Nevertheless, the systematic
analysis of the reaction kinematics presented in this work, together with
the overall good agreement between the experimental @y distributions
and the simulations shown in Figs. 5a and 7 provide strong evidence for
the dominance of the pole mechanism.

At the same time, a careful inspection of the distributions and the cor-
responding y2 values in Fig. 7 indicates noticeable deviations in the re-
gions characterized by small and large ¢ values with Q,; larger than 200
MeV/c, where the discrepancies between experimental and simulated
distributions appear to exceed the level expected from purely statistical
fluctuations. The integrated yield of the panels with y2 > 3 corresponds
to approximately 17.3% of the total accepted cross section, whereas the
remaining part of the data is generally well reproduced by the simula-
tions. Several sources of systematic uncertainty may contribute to these
deviations. In particular, reactions induced by the carbon content of the
CH, target cannot be fully excluded. Owing to the limited statistics col-
lected with the dedicated carbon target, a differential subtraction of the
carbon-induced background for each individual 7-Q,; panel is presently
not feasible. Nevertheless, as discussed in Section 3, the overall contri-
bution of the carbon-induced reactions within the applied experimental
cuts is on the order of 9%, which can be accounted for as a systematic
uncertainty. Additional studies based on variations of the experimen-
tal cuts and alternative analysis procedures indicate that the resulting
systematic distortions of the Treiman-Yang distributions do not exceed
approximately 10%.

It should also be emphasized that the experimental data are com-
pared with Monte-Carlo simulations based on a simplified QFS reaction
model. In particular, the virtual p-p scattering cross section is assumed
to be isotropic and constant in the p-p center-of-mass frame for all kine-
matic configurations. This approximation is motivated by the experi-
mentally known behavior of free p-p scattering cross sections, which
remain nearly isotropic and weakly dependent on energy in the range
relevant to the present study. Despite the overall close agreement be-
tween the model and the experimental data, more sophisticated theo-
retical calculations may still be required, especially for a more accurate
description of the ¢7 distribution in Fig. 4.

6. Summary and conclusions
Large-acceptance experiments in inverse kinematics offer a conve-

nient experimental configuration to study the detailed features of the
QFS reaction mechanism. In the present work, the reaction '>C(p,2p)!'B
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at 400 MeV/nucleon was studied as a benchmark case, and a systematic
Treiman-Yang test was performed for the first time. By reconstructing
the complete reaction kinematics from an incomplete set of observables,
the reaction mechanism could be investigated in considerable detail. In
particular, the angular information of the recoil protons was combined
with the momentum vector of the heavy (A-1) residue to determine the
essential kinematic quantities characterizing the underlying p-p scatter-
ing process. This made it possible to extract distributions of the Treiman-
Yang angle for different regions of missing and transfer momenta and
thereby test the validity of the impulse approximation. The obtained
results provide strong evidence that the dominant fraction of the ob-
served reactions proceeds through the pole mechanism characteristic of
quasi-free scattering.
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