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Light beams carrying orbital angular momentum (OAM) provide an additional degree of freedom to control
and manipulate light-matter interactions across different energy regimes. Precise control over the beam and
dark-core sizes, while maintaining a high value of the topological charge (TC) is crucial for their applications
in optical tweezing, optical communication, and microscopy. While perfect optical vortices were engineered to
feature TC-independent intensity distribution, their generation method typically involves bulky experimental
setup. Furthermore, their detection is non-trivial, as they are not propagation eigenmodes and thus do not
maintain their perfect vortex structure during propagation. A more sophisticated beam configuration is the
modified anomalous vortex (MAV) beam — a novel class of anomalous vortex beam engineered with controlled
self-focusing characteristics. MAV beams are typically characterized by their TC, beam order, and a so-called
modification parameter. For extremely high beam order and a unity modification parameter, the beam and
dark-core sizes of MAV beams remain nearly independent of the TC. Despite such novel beam properties, their
role in driving nonlinear optical phenomena remains largely untested. In this work, we investigate the sum-
frequency generation driven by MAV beams. For this nonlinear process, we derive an analytical expression for
the complex field amplitude of the sum-frequency beam at the waist plane. Furthermore, we study the evolution
of the generated sum-frequency beam in free-space. We thoroughly discuss the underlying OAM selection rule,
and analyze how different parameters of the input MAV beams, such as their TC, beam order, modification
parameter, and wavelength affect the sum-frequency beam. Moreover, we compare both the power of the
sum-frequency beam generated by fundamental MAV, traditional AV, and Laguerre-Gaussian vortex beams, as
well as the corresponding conversion efficiency of the process.

1. Introduction

Optical vortices, with their ability to carry orbital angular mo-
mentum (OAM), have enabled diverse applications, such as particle
trapping and manipulation (Kovalev et al.,, 2016; Ng et al., 2010),
optical communication and optical encryption (Shao et al., 2018; Liu
et al., 2019; Yang et al., 2022; Yuan et al., 2025; Yang et al., 2026),
microscopy and imaging (Wang et al., 2017; Sun et al., 2025; Ma
et al., 2026), and quantum entanglement (Fickler et al., 2016; Xu et al.,
2025). Generally, vortex beams are characterized by the presence of a
helical (or, spiral) phase term exp(i/6) in their electric field distribution,
where / is called the topological charge (TC, alternatively an OAM of
Ih per photon with # = h/2z being the reduced Planck’s constant) and
0 represents an azimuthal coordinate (Allen et al., 1992). In essence,
the magnitude of the TC determines the number of 2z shifts occurring
around the singularity along the beam’s azimuth, while its sign indi-
cates the handedness of the helical wavefront. Several optical beams
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including Laguerre-Gaussian (LG) (Allen et al., 1992; Padgett et al.,
1996), Bessel-Gauss (BG) (Xie et al., 2015; Zhao et al., 2019), circular
Airy (Zheng et al., 2022), and Lorentz-Gauss vortex beams (Ni and
Zhou, 2013; Zhou, 2014) are characterized by their helical wavefronts.
However, for conventional vortices, a fundamental challenge is to
control the beam and the dark-core sizes without compromising the TC,
given that these parameters are intrinsically coupled. This, in turn, re-
stricts their utilization in the efficient trapping of microscopic particles,
and multiplexing of vortex modes with high OAMs for high-capacity
data transmission in fiber-optic networks.

To remove such constraints, novel “perfect” optical vortices (POVs)
were engineered in 2013, which typically display consistent beam
characteristics regardless of their TC (Ostrovsky et al., 2013). The
generation of POV beams can be accomplished through several tech-
niques, such as the Fourier transformation of BG beams (Vaity and
Rusch, 2015), the Fourier transformation of LG beams with high radial
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indices (Guo et al., 2022; Das et al.,, 2025b), as well as the use of
dielectric metasurfaces (Liu et al., 2024; He et al., 2022), transmission
liquid crystal spatial light modulators (Anaya Carvajal et al., 2017),
and digital micromirror devices (Chen et al., 2015), to name a few. A
significant drawback, however, is that these techniques require elab-
orate optical setups and extremely precise design. On the other hand,
modified anomalous vortex (MAV) beams constitute a distinct class of
anomalous vortices, characterized by their TC, beam order, and a so-
called modification parameter (Al-Ahsab et al., 2024). Under specific
circumstances, these beams can exhibit behavior analogous to POVs.
For example, in Ref. Al-Ahsab et al. (2024), the authors demonstrated
that for higher beam orders and a unity modification parameter, the
beam size and ring width of MAV beams remain nearly constant as
the TC increases — a key characteristic of “perfect” vortex beams.
Like POVs, moreover, MAV beams also exhibit self-focusing properties
— a distinct advantage for applications, such as efficient optical data
transmission and imaging in turbulent environments. Additionally, a
straightforward method for generating these beams is to use a spatial
light modulator, which is programmed with a phase hologram contain-
ing the beam’s complete specifications. While the production of MAV
beams using existing digital devices is currently limited to the visible
spectral range, it can be readily extended to large wavelength, such
as the near-infrared spectral range. However, generating MAV beams
at wavelengths significantly shorter than the visible light — extending
into the extreme ultraviolet and X-ray ranges — is not feasible with the
optical devices being used for visible light generation.

Frequency up-conversion is a fundamental optical process that har-
nesses nonlinear phenomena inside material media to generate shorter,
and often extreme wavelengths of light. Both perturbative and non-
perturbative nonlinear processes — including second-harmonic gener-
ation (SHG), third-harmonic generation (THG), sum-frequency genera-
tion (SFG), and high-order harmonic generation (HHG) — are widely
used to generate radiation across the visible-to-extreme ultraviolet
spectrum, sometimes to the soft X-ray range as well based on the
driving beam parameters (Das et al., 2026). In general, perturbative
nonlinear processes describe light-matter interaction under the condi-
tion where an applied external field is significantly weaker than the
internal atomic fields binding electrons. In this regime, the external
field can be treated as a small perturbation to system. Consequently,
the induced polarization response is quantitatively modeled as a power
series expansion in the strength of the applied external field. In con-
trast, when the external field strength becomes comparable to the
atomic binding strength, the perturbative framework for light-matter
interaction fails, and pronounced non-perturbative effects emerge (Das
et al., 2026). The generated up-converted beams may or may not carry
OAM, depending on whether the driving beam itself possesses a vortex
structure. For example, during second- and third-harmonic generation
with OAM beams in nonlinear crystals, a linear up-scaling rule for
the OAM i.e., I, = gx1 has been demonstrated, where lgs and [
denote the OAM of the gth order harmonic, and OAM of the driving
beam, respectively. This, in turn, establishes the fact that frequency
up-converted beams indeed inherit vortex characteristics from driving
OAM beams. Furthermore, a detailed analysis of different kinds of
phase-matching methods, such as birefringent phase-matching (BPM, a
critical phase-matching technique, where the orientation of the crystal
optic axis with respect to the driving field’s polarization direction is
leveraged to achieve perfect or near-perfect phase-matching) and quasi-
phase matching (QPM, a non-critical phase-matching technique, where
the periodic-poling of certain nonlinear crystals are utilized to achieve
perfect or near-perfect phase-matching) for frequency conversion with
nonlinear crystals, when OAM beams drive the processes were reported
in the past (Dholakia et al., 1996; Shao et al.,, 2013; Zhou et al.,
2014). Similarly, in the SFG process, tuning the wavelength and OAM
of the two input beams allows direct and simultaneous control over the
wavelength and OAM of the generated SFG beam, in full compliance
with the energy and OAM conservation (Li et al., 2015; Qi et al., 2022).
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In atomic targets, the HHG process driven by OAM beams has not
only produced extreme ultraviolet radiations with extremely high and
even time-varying OAMs but has also enabled the generation of twisted
attosecond pulses (Das et al., 2026; Kong et al., 2017; Gariepy et al.,
2014; Rego et al., 2019; de las Heras et al., 2024). Despite their novel
physical properties, MAV beams have received little to no attention
in the literature — specifically, in the context of driving nonlinear
processes in atomic gases and crystals — where research efforts have
instead been concentrated more on conventional vortices such as LG
and BG beams. Using MAV beams to drive both perturbative and non-
perturbative nonlinear processes could enable the generation of such
beams at wavelengths shorter than visible light, with tunable OAM.
This approach may extend their applicability down to the nanometer
scale. Furthermore, for higher beam orders and a unity modification
parameter, the beam size of the MAV beam grows at a much slower
rate than that of conventional LG beams with the same Gaussian waist
and over the same range of TCs. Consequently, employing MAV beams
in nonlinear optical processes may enhance both the photon flux and
the spatial coherence of the generated radiation, which in turn leads to
better focusability.

In this work, we explore sum-frequency generation driven by MAV
beams within a periodically-poled potassium titanyl phosphate (PPKTP)
crystal. Within the no pump depletion approximation, thin crystal ap-
proximation, and assuming ideal phase-matching conditions, we derive
an analytical expression describing the complex field amplitude of the
generated SFG beam at its waist plane. This result is then extended to
finite propagation distances through an ABCD-matrix treatment com-
bined with the Huygens—Fresnel integral, allowing full characterization
of the generated beam in terms of its intensity and phase profiles.
Additionally, we examine the conservation of OAM in the SFG process.
We also analyze how MAV beams with modified TC, beam order,
modification parameter, and wavelength affect the intensity and phase
distribution of the obtained sum-frequency beam. Moreover, under
identical conditions, we compare both the power of the sum-frequency
beam generated by input MAV, AV, and LG beams and the correspond-
ing conversion efficiency, in order to demonstrate how MAV beams
dominate over AV and LG beams in these respects.

2. Theoretical description of the fundamental MAV beam and
modeling of the SFG process

This section begins with an introduction to MAV beams and a
discussion on their key physical properties at the generation (or source)
plane. We then explore the nonlinear interaction of MAV beams with
a PPKTP crystal via the SFG process. Subsequently, we theoretically
calculate the SFG power and conversion efficiency of the process and
examine how the TC, beam order, modification parameter, and input
beam wavelengths influence these properties.

2.1. Description of the fundamental MAV beam

The concept of an MAV beam was theoretically proposed and exper-
imentally realized using holographic techniques and customized phase
masks in 2024 (Al-Ahsab et al., 2024). Briefly summarizing the exper-
imental setup for generating MAV beams: the output Gaussian beam
from a continuous-wave laser first passes through a neutral density
filter to control its power. A linear polarizer then adjusts its polarization
profile, converting it into a linearly polarized Gaussian beam. This
beam illuminates a spatial light modulator loaded with a customized
phase mask containing the necessary information for the desired MAV
beam, thereby generating the target beam. The phase mask is typically
designed using holographic techniques, where the desired output beam
(an MAV beam in this case) is interfered with a tilted plane wave.

The complex field amplitude of the MAV beam at the source plane
i.e., at z = 0, can be written as (Al-Ahsab et al., 2024):
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where we define # = 1/(6n+ 1r, and (r = V/x2 + 2,0 = arctan(y/x))
are the polar coordinates of the beam at the source plane. In Eq. (1),

22n+llI+1 (5n+1) Py
Fo =\ eeansint?
beam waist size, input power, beam order, topological charge (TC), and
modification parameter of the MAV beam, respectively. Additionally,
¢~ 3x 108 m/s is the speed of light in vacuum, ¢, ~ 8.854 x 10~12 F/m
is the vacuum permittivity, and s(= 1) is the refractive index of the
MAV beam at a given wavelength 4 in vacuum. Moreover, the beam
order n can take either zero or non-zero positive integer values only.
For a vanishing beam order (n = 0) and a vanishing modification
parameter (6 = 0), Eq. (1) basically represents an LG(’) mode. However,
for a non-vanishing beam order (n # 0) and a vanishing TC (/ = 0),
Eq. (1) represents hollow Gaussian beams. It is interesting to highlight
that for 6 = 0, Eq. (1) reduces to the complex field amplitude of
the traditional anomalous vortex (AV) beam (Al-Ahsab et al., 2024).
Experimentally, MAV beams with a beam order as high as n = 10 have
been generated using a spatial light modulator. Extending this beam
order to even higher values is straightforward, as it only requires cus-
tomizing the phase mask with the desired beam order information for
a given modification parameter and TC. The value of the modification
parameter § typically ranges from O to 1 (Al-Ahsab et al., 2024). It
should be noted that negative values of 5§ would yield imaginary values
for both the beam size and the radius of the maximum intensity ring,
which are physically meaningless. Hence, we restrict § to non-negative
values less than or equal to unity. Basically, the modification parameter
adjusts the self-focusing characteristics of MAV beams while retaining
the fundamental properties of traditional anomalous vortex beams.
Furthermore, the modification parameter allows for exact tuning of
the self-focusing point. This enhanced precision in governing the self-
focusing properties not only refines beam control but also boosts the
versatility of MAV beams across numerous scientific and technological
domains. It is important to note that like POVs, MAV beams also display
self-focusing characteristics, when they propagate in free-space and
different material media (Das et al., 2024; Al-Ahsab et al., 2024). By
self-focusing, we mean to say that the profile size of these beams attain
a minimum value accompanied by a sharp enhancement in their beam
intensity during the course of propagation, without the involvement of
any nonlinear optical effects (such as the Kerr effect for high intensity
laser beams) or external focusing optics.

Fig. 1 displays the transverse intensity and phase distributions of
the MAV beam for different values of the TC (/ = 1,2,5), while the
beam order and modification parameter values are kept fixed i.e., n =
1 and 6 = 1. It can be seen from Fig. 1(a), (c), and (e) that the
beam size, as well as the dark-core size expands monotonically with
increasing TC values. This behavior of the MAV beam is analogous
to what we typically see in case of conventional vortices such as LG
and BG beams. We can quantitatively understand how the size of the
MAV beam increases with the TC, if the beam width is computed by
means of the second-moment of intensity definition, as shown in Ref.

Das et al. (2025a): w4y (1) = wy 2itlll+l Thig relation between the
beam size and the order as well as the TC of the beam shows that
Waray (D) \/m, for a fixed value of n and §. Therefore, an increase in
the value of / leads to an enhancement in the beam size. Furthermore,
from Fig. 1(a), (c), and (e), it can be observed that the radius of the
maximum intensity ring of the MAV beam increases with increasing

TC values. To understand such behavior, we calculate the radius of the
MAV O\ Eppay (r0)? =0
or ’

max
which results in: rMAV = 1, / % This relationship clearly depicts
that rMAV V/ll. As shown in the expression above, for a given
beam waist, TC, and beam order, the radius of the maximum intensity
ring varies inversely with the modification parameter. Additionally, by
counting the number of 2 shifts along the azimuthal coordinate of the
MAV beam in the transverse plane as shown in Fig. 1(b), (d), and (f), it
is possible to extract the TC carried by the beam, which are I = 1,2,5,
respectively.

wy, Py, n, I, § denote a constant amplitude,

maximum intensity ring, r using the definition
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Furthermore, we increase the value of the beam order to n = 10 and
plot the intensity and phase distributions of the MAV beam for a unity
modification parameter, and for different TCs (/ = 1,2,5). The results
are presented in Fig. 2. It can be seen from Fig. 2(a), (c), and (e) that
as the TC increases, the beam size, dark-core size, and the radius of
the maximum intensity ring of MAV beams also increase. However, the
rate of this enhancement is much smaller compared to that observed for
MAYV beams with a low beam order (e.g., for » = 1 in Fig. 1(a), (c), and
(e)). It is expected that the rate of this enhancement would diminish
even further if MAV beams with » > 10 are employed. A comparison
between Figs. 1 and 2 reveals the following: (1) For / = 1 and 6 = 1,
the TC-dependent beam width is precisely the same for the MAV beam
with n = 1 and n = 10 ie., wpsp( = Ln = 1) = wppp( = Ln =
10) = 20\/5 pm, for wy, = 20 pm. However, the ring width of the MAV
beam decreases upon increasing the value of n. (2) For MAV beams
with / > 1, the TC-dependent beam size is higher for lower values of n.
Therefore, the effect of increasing the beam order values of MAV beams
is to mitigate the growth of the beam size with increasing / values.
Similar to Fig. 1, the TC information of the beam can be extracted by
counting the number of 2z phase shifts along the beam’s azimuth, as
shown in Fig. 2(b), (d), and (f).

In Fig. 3(a), we show the TC-dependent beam width of MAV beams
for different values of n i.e., n = 1 (as blue dots), and n = 10 (as red
dots). It can be clearly seen from the figure that in both the cases, the
beam width expands with increasing / values. However, this growth
is very slow for MAV beams with » = 10, when compared to MAV
beams with n = 1. For even higher values of n, we expect that the beam
width will display a near-flat line i.e., it becomes nearly independent
of the TCs. Such a feature is analogous to what we typically see in
POV beam’s intensity distribution. It is important to note that in case
of perfect vortex beams, the beam width remains nearly independent
of the TC, when the ratio of the ring radius (R) to the half-ring width
(wp) of the beam attains extremely higher values. Therefore, the role
played by n in case of MAV beams is analogous to that of the ratio R/w,
in case of perfect vortex beams. Furthermore, to better understand the
role of the modification parameter, 6, in controlling the beam size of
the MAV beam, we compare the TC-dependent beam width of MAV
beams with that of conventional LG beams (see Fig. 3(a) and (b)).
Here, it is important to note that the TC-dependent beam width of LG
beams can be expressed as (following the second-moment of intensity
definition): w; (/) = wy\/2p + || + 1, where p is called the radial index
(or, the radial quantum number) and it is quantitatively connected to
the number of off-axis rings in the transverse intensity distribution of
LG beams. It is interesting to note that the TC-dependent beam widths
of MAV and LG beams become identical i.e., wy; 4y () = wy () = \/m,
when 6§ = 0,n = 0, and p = 0. This clearly shows that there is some
hidden relationship between n and § values of MAV beams, and p
values of LG beams. For a better comparison of the TC-dependent beam
widths, we fix the beam waist w, to 20 pm for both MAV and LG beams.
It can be clearly seen from Fig. 3 that the beam width of MAV beams
is always less than that of their LG counterparts. So, it is the modi-
fication parameter which is solely responsible for the reduced beam
size of MAV beams, when compared with LG beams of identical TCs.
We strongly believe that the novel features exhibited by MAV beams
can potentially provide significant advantages over conventional LG
beams in applications, such as optical trapping, optical communication,
stimulated emission depletion microscopy, and nonlinear optics.

2.2. Description of the SFG process driven by MAV beams

SFG is a nonlinear optical phenomenon governed by the second-
order nonlinear susceptibility tensor, where two laser beams with
different frequencies, when simultaneously irradiate a nonlinear crys-
tal, produce a coherent light beam whose frequency corresponds to the
sum of frequencies of the input light beams. In order to investigate
the SFG process in QPM crystals (a PPKTP crystal in this case), the
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Fig. 1. Transverse intensity and phase distributions of MAV beams at the source plane. (a)-(b) / = 1,n = 1,6 = 1, (c)-(d) I = 2,n = 1,6 = 1, and (e)-()
I =5,n=1,6 = 1. The intensity colorbar is normalized to the respective maximum value for each panel. The figure shows that for a low beam order and a
modification parameter equal to one, both the beam size and the radius of the maximum intensity ring of MAV beams increase monotonically with the TC.
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Fig. 2. Transverse intensity and phase distributions of MAV beams at the source plane. (a)-(b) / = 1,n = 10,6 = 1, (c)-(d) / = 2,n = 10,6 = 1, and (e)—(f)

I =5,n=10,6 = 1. The intensity colorbar is normalized to the respective maximum value for each panel. The figure shows that for a higher beam order and a

modification parameter equal to one, both the beam size and the radius of the maximum intensity ring of MAV beams increase at a much slower rate compared
to those with a low beam order, as illustrated in Fig. 1.

following coupled nonlinear wave equations are used to describe the

where E;,,(z) = Epay (.0, 2) with j = 1,2,3 represents the ampli-
interaction between the MAV waves (Li et al., 2015):

tudes of the three interacting waves involved in the process, ‘pol’ stands

dE, (2) for their polarization (either ordinary or extraordinary), ‘+’ denotes the

% = iK, E;pol ESWIQ—"A"Z complex conjugate, and Ej (', 6’,z) is the complex field amplitude

dE, (2) of the MAV beam at some propagation distance z, which can easily be

el KE; | E3pﬂ,e‘i4"z obtained by substituting Eq. (1) in the Huygens—Fresnel integral (Al-

dEdZ @ P Ahsab et al., 2024). Furthermore, Ak = k3,,; — k1,5 — kppy — G is the

% = iK3E} Ez,,gzemkz» @) phase-mismatch factor (which typically controls the coherence length
2 3
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in the interaction, L.,,, through the relation: L., = =/A4k), where
k301> kapor» k1o denote the wave vectors associated with the three inter-
acting MAV waves and G is the phase-mismatch contribution coming

- 20.d
from the QPM crystal. The coefficient, K; = —=, where ; represents
cJ

the angular frequencies of the interacting MAV waves, s; denotes their
refractive indices in the QPM crystal, and d;; is the effective nonlinear
coefficient of the PPKTP crystal which quantifies the strength of the
nonlinear interaction and is mathematically connected to the nonlinear
susceptibility. In general, PPKTP is a ferroelectric nonlinear crystal
with a unique structure that facilitates efficient frequency conversion
through QPM. The crystal consists of alternating domains with op-
positely oriented spontaneous polarizations, which enables QPM to
correct the phase-mismatch in the nonlinear interactions (SFG process
in this case). Additionally, this crystal shows transparency for a wide
range of wavelengths (typically between 0.4-3 pm), possesses large
effective nonlinear coefficient (d;; = 16.9 pm/V), and exhibits high
optical damage threshold. Our theoretical treatment operates under the
assumption of negligible pump depletion, whereby the intensity of the
input MAV beams is considered invariant as they propagate through
the QPM crystal, allowing us to isolate the dynamics of the generated
SFG field. Additionally, in the case of weak interaction efficiency of
frequency mixing processes, depletion of pump beams can also be
neglected (Berzanskis et al., 1998). Additionally, because the Rayleigh
ranges of the input MAV beams - approximately 1621 pm for the
775 nm beam and 810 pm for the 1550 nm beam, assuming an identical
waist size of 20 pm for both — are significantly larger than the length
of the nonlinear crystal (200 pm in this case), we neglect diffraction
effects arising from the finite beam size and adopt the thin crystal
approximation. If we assume that the perfect phase-matching condition
i.e., Ak = 0, is satisfied during the course of the interaction which is
relatively easier to achieve with thin nonlinear crystals (Zhang et al.,
2023), then we can write the complex field amplitude of the SFG beam
at the waist plane as follows:

L
Egpg(r,0) = iKsElpolEzpol/ e*dz
0

= iK3E, 0 Espor L
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where L denotes the length of the PPKTP crystal and #; = \/6;n, + 1r

20+ L (5 1P
(i = 1,2). Here, E,, = T OmrDR and By, =
’ meegsywy | 2ny+l D! >

22"2+“2|+1(52n2+l)P0_2

ﬂc€052w312(2n2+|[2|)!
used for the SFG process. Similarly, (P, Py,), and (wy ., w,,) are the
powers, and beam waist sizes of the input MAV beams, respectively.
Additionally, (/,,1,), (n;,n,), (6,,6,), and (s;,s,) represent the TCs,
beam orders, modification parameters, and refractive indices of the
input MAV beams, respectively. Note that we introduce different refrac-
tive indices (s, s,) into the peak field amplitudes of MAV beams (E,, ;,
Ey,), since they possess different wavelengths and are interacting in a
physical medium (a PPKTP crystal in our study). It is also important
to note that while deriving Eq. (3) from Eq. (2), we remove the z-
dependence from both the input MAV beams and the SFG output.
This is justified in the tight-focusing approximation because the main
contribution to the SFG output comes from the beam spot i.e., at the
waist plane where the beam intensity is maximum. It is worth noting
that the various approximations employed in this model have already
been adopted in the theoretical description of the SFG process driven
by LG beams, and the corresponding theoretical findings are in good
agreement with experimental results (Li et al., 2015). If a non-zero
phase-mismatch factor (4k # 0) is taken into account for this SFG
interaction, it can easily be expected that the intensity distribution of
the sum-frequency beam and the conversion efficiency of the process
will be hampered.

are the peak field amplitudes of the MAV beams

We can rewrite Eq. (3) in a more simplified form as follows:
Egpg(r,0) = E0’3,-Me*“’23*”5FG‘9 4
with
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Eq. (4) basically defines the complex field amplitude of the SFG
beam at its waist, which coincides with the generation plane. In a typi-
cal experimental setup, however, the detector is positioned downstream
from the nonlinear crystal. Consequently, the theoretical model must
be extended to incorporate the effects of free-space propagation of the
SFG beam. Within the framework of the paraxial approximation, the
propagation of the generated SFG beam can be modeled by using the
ABCD matrix formalism and the Huygens-Fresnel integral (Li et al,,
2015):

. 0 2r
i I —iksyz
Egpg(r',0,2) = —e™s / rdr/
3B 0 0
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“(73 2_ 9t cos(f —, 1?2
ESFG("’ 0)6_ o] (Ar==2rr" cos(0"—0)+Dr’ )d0 (6)

where (+/, 0 ) are the beam coordinates at some propagation distance z

and k; = == is the magnitude of the wave vector of the SFG beam with
3= ﬁ‘jj representlng the wavelength of the SFG beam, 4, and 4, are

the wavefengths of the input MAV beams. A, B, C, and D are elements
of the transfer matrix, which represents a physical optical system. If we
substitute Eq. (4) into Eq. (6) and solve the angular integral by using
the Bessel function of the first kind, we obtain:

iky Dr'2

iE )
Egpg(r',0',2) = 2n(=i)'sF6 y OB3 e~ ik3z =535 o-ils kGt

3

o m) > karr!
X/ rHe <a+ 25 )" ( 3;; rdr. 7
0

i SFG

To solve the radial integral in Eq. (7), we use the following iden-
tity (Gradshteyn and Ryzhik, 2007):

u g+u+1
br( 2 ) q+u+l, B
1F

1 ——
@+ )

(8]
2
x7e™ " J (bx)dx = U+
</0 ¢ Qu+l a 2 4a

(€]
with Re(a) > 0, Re(q + u)> —1. We can use Eq. (8) to solve the radial
integral in Eq. (7) and to obtain:

iky Dr2

E .
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Since we propagate the SFG beam in free-space for a distance z after
its generation in the waist plane (i.e., z = 0), the ABCD transfer matrix
can be written as:

A B 1 z
(c D>=<O 1) ao

After substituting Eq. (10) into Eq. (9), we obtain:

©)]
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where 1F1[..;..;..] is the Confluent Hypergeometric function and I(...)
is the Euler-Gamma function. Eq. (11) is central to our analysis, which
readily confirms the OAM selection rule in the SFG process: Igp; =
Iy +1,, where I g, I}, and I, represent the OAM of the SFG beam, and
two input MAV beams, respectively. If we substitute the expressions for

—ilgpg0’

X

IsFpGg+u+2
2

11
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Ey3. 415G, and a from Eq. (5) into Eq. (11), we obtain the following
expression for the complex field amplitude of the SFG beam at a
distance z:

- ! nl _ N+
Egpg(r',0',2) = 2m(—i)'™"2
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where f = . With these results, we can express the
intensity (Fgpg(r, z)) and phase (@ gp(r',0', z)) of the SFG beam as:

Ispe(r'.2) = |Egpe(r,0', )
‘i’spc;("/ﬂ/sz) = A"g[ENSFG(r/sHI,Z)] (13)

where Arg[v] denotes the argument of a complex number v. Basically,
we have used Egs. (12) and (13) to plot the intensity and phase
distributions of the SFG beam under different conditions, as will be
shown in the next section.

2.3. Power of the SFG beam

The power of the SFG beam is a macroscopic measure of the rate
at which photon energy at the new, higher frequency is radiated from
the nonlinear interaction region. It directly reflects the efficiency with
which the nonlinear crystal converts the combined power of the two
input beams into this coherent up-converted light. Here, we compute
the power of the SFG beam at the waist plane as follows (Das et al.,
2025e):

(s
Psrg = 47rs3c€0/ |Egpg(r,0)|*rdr a4
0
By Substituting Eq. (4) into Eq. (14), we obtain:
(o]
Pgpe = 4rrs3ce()|E0Y3|2/ 2l g=2ar? (15)
0

The radial integral in Eq. (15) is basically a Gaussian integral, which
can easily be solved using the Euler-Gamma function: I'(p) = /0°° e
dt. The radial integral [ PH+le=207 gy evaluates to I'(u + 1)/22a)"*+.
Therefore, the power of the SFG beam is evaluated to:

2zsyceg| Egsl T'(u + 1)

Pgpg = (20");&1 (16)

The expressions for E;,«, and u from Eq. (5) can be substituted into
Eq. (16) to analyze how various parameters, such as the TC, beam
order, beam waist size of the input MAV beams influence the power

of the SFG beam. Now, Eq. (16) can be rewritten as:
128d2, L* P, IPO,2 22m+2m4 1+l (5, 1y 1)(8ymy + 1)
Psre = 02

meeysys 5y A5 W5 01 Won @ny + 11Dy + 11 D!

2 2y 41
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2 2
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T'Q2ny+2ny + || + L+ 1)

a7
(2(51n1+1> 4 262m4D)
2

w2

2n+2ny+|11 |+l |+1
0.1 oo >
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Eq. (17) clearly demonstrates that the SFG beam’s power holds a direct
relationship with the product of input MAV beams’ power, square of the
crystal length, and square of the effective nonlinear coefficient, whereas
it holds an inverse relationship with square of the SFG wavelength and
square of the input MAV beams’ waist sizes. In contrast to these direct
proportionalities, the SFG beam’s power depends in a more sophisti-
cated manner on the TC, beam order, and modification parameter of
input MAV beams.

2.4. Efficiency of the SFG process
The conversion efficiency, 5, of the SFG process is defined as the

ratio of the power of the SFG beam to the product of input MAV beams’
power i.e.,

2 72
y = Psrg_ _ 12842 L
Fo.1 % Py ﬂceos3sls2/1§w(2“w(2)2
22m+2mHh L (S ) + 1)(8,m, + 1)
X

@ny + 11 D'2ny + |11

2n+] 2ny+|1]
y <(51n1+1)> <(52n2+1)>
2 2
Wo1 Wo,

I'2ny+2my+ L+ 1L+ D 18

28y n;+1) 2(8ynp+1)

“o,1 Yo

>2n1+2n2+|11|+|12\+1

From Eq. (18), the conversion efficiency of the SFG process is shown to
be governed by the interplay of several beam parameters. For example,
from Eq. (18), it can be found that the conversion efficiency scales
quadratically with the nonlinear crystal length and inversely with the
square of the SFG wavelength and the input MAV beams’ waist sizes.
To evaluate the influence of the TC and beam order on the conversion
efficiency, however, it is necessary to fix these parameters for one input
beam while varying those of the other.

3. Results and discussion

Let us next discuss how the intensity and phase distributions of the
SFG beam is affected by the parameters of the input MAV beams. In
particular, we shall consider the SFG beam at different finite positions
beyond the waist plane z = 0. In our theoretical analysis, we fix the
following beam parameters: Py; = 15 W, Py, = 15 W, 53 = 1.892,
L = 200 pm, d33 = 169 pm/V, wy; = 20 pm, wy, = 20 pm. For
simplicity, we fix the values of s; and s, to unity, although the actual
values of s; and s, could slightly be off from their unity value since the
input MAV beams are interacting within a nonlinear crystal. However,
small changes in s; and s, do not alter the quality of the overall results.
More specifically, we discuss six different cases in this section: (1)
Iy =1y, ny = n, (small), §; = 6,, (2) I # I, n; = n, (small), §; = 6,, (3)
I, =1, n; = n, (large), 6, = 6,, (4) I, =1, n; # n, (large), 6, = 6,, and
(5) I, =1y, ny = ny (small), 6, # 6,. From Case 1 to Case 5, we use 4, =
775 nm, 4, = 1550 nm, and A; = ;‘37 = 516.6 nm. Subsequently, in Case
6, we investigate the influence of the input MAV beams’ wavelength on
the intensity and phase distributions of the SFG beam. To this end, we
employ the same beam and medium parameters as in Case 1, except
for the wavelengths, which are set to 4, = 1054 nm, 4, = 2000 nm, and

Ay = % = 690.2 nm. The exact values of /,l,,n,n,,6;, and §, are
N 1742

mentioned in each of the cases discussed below.
3.1. Case 1: I} = 15, nj = ny (small), 6, =6,

In this case, we consider identical values of the TC (/; = /,), beam
order (n; = n,), and modification parameter (5, = §,) for the input
MAV beams. However, we limit the beam order to a small value. If we
use the conditions I} =, =1, ny =ny =n, 6, =6, =6, Py; = Py, = Py,

Results in Optics 24 (2026) 101086
and wy; = wy, = wy, the complex field amplitude of the SFG beam at
the waist plane can be written as (by using Eq. (4)):
2idyy Q5L 22+ (5n 4 1P

TS3C  mee slszwé(Zn + D!

22n+1) (@Gn+yr2
_p Gn+Dr”
o ( V(6n + 1)r> o W -ile

Wy

Egpg(r,0) =

19)

Eq. (19) represents the second-harmonic of the fundamental MAV beam
given in Eq. (1), when A; = 4,/2 = 4,/2. This result is not surprising
since SHG is a special case of SFG, where both the input photons are
identical in all aspects and they annihilate to generate a single photon
of frequency twice the frequency of the either input. It is interesting to
highlight that for n = 0 = 6 and A; = 4,/2 = 4,/2, Eq. (19) reduces
to the second-harmonic field of LG vortex beams, as presented in Ref.
Das et al. (2025e). Similarly, for n # 0, 6 = 0, and A; = 1,/2 = 4,/2,
Eq. (19) reduces to the second-harmonic field of traditional AV beams.

In Fig. 4, we show the transverse intensity and phase distributions
of the SFG beam at the distance z = 5000 pm for two different values
of the TCs of the input MAV beams i.e., /; =/, =/ =1 in (a)~(b), and
I, =1, =1=21n (c)-(d). For this analysis, we fix the values of the beam
order and modification parameter ton, =n, =n=1and 6, =6, =6 =
1. From Fig. 4(a), one can clearly see that the SFG beam exhibits vortex
characteristics i.e., an intensity null is located at the beam center and
there is an azimuthal distribution of energy around the vortex core.
This is not surprising since there is a helical phase term, exp(—i2/0),
present in Eq. (19). If we insert Eq. (19) into Eq. (6) to understand the
propagation dynamics of the SFG beam in free-space, the propagated
SFG field, Egpg(r',0',z) must accommodate the helical phase term,
exp(i210"), within its field distribution. This, in turn, leads to the vortex
characteristics of the SFG beam at finite propagation distances. In
addition to the maximum intensity ring surrounding the central dark-
core, there also exists a less intense off-axis ring (see Fig. 4(a)). From
here on, we call these less intense off-axis rings as “secondary off-
axis rings”. It is interesting to note that the fundamental MAV beam
typically displays a single-bright ring in its intensity distribution for
I =1,n=1,and § = 1 (see Fig. 1(a)) and maintain this single-ring
intensity distribution throughout the free-space propagation (Al-Ahsab
et al., 2024), which is quite different from what we observe in case
of the SFG beam for the same set of input MAV beam parameters
ie,l,=1=1,,n =1=n,, and §; =1 = §,. It is the nonlinear process
itself i.e., the sum-frequency mixing in this case, which imprints such
characteristic on to the frequency up-converted SFG beam. As the TC
of the input MAV beams increases from /| = 1 to / = 2, the central
dark-core and beam sizes of the SFG beam expands (see Fig. 4(a) and
(c)). The expansion of the SFG beam size with increasing TC values
of the input MAV beams can easily be understood, if we compute the
TC-dependent beam width for the SFG beam using the second-moment
of width definition:

J rdr [ P Egpe(r,0)2d0

[ 2.
S rdr [3" | Espglr, 0)12d0

Note that we utilize the complex field amplitude of the SFG beam at its
waist plane, as presented in Eq. (19), into Eq. (20) to compute the beam
width. This is fairly simple, yet provides us an analytical expression
that directly relates the SFG beam size with the TC. After substituting
Eq. (19) into Eq. (20), and evaluating the angular and radial integrals,
we obtain:

4n+2|l| +2
N = - = = 21
wsra(l) oV T2+ 1) 2

Therefore, for a fixed value of n, §, and wy, wWgpe(l) < \/m . We also
expect this relationship to hold true at any propagation distance past
the beam waist plane. Such a beam characteristic in the propagation
dynamics of vortices in different media was reported multiple times
in the past. Additionally, the secondary off-axis ring becomes more

(20)

szFG(l) =2
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Fig. 4. Transverse intensity and phase distributions of the SFG beam at a propagation distance, z = 5000 pm. In (a)-(b) /,
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intensity colorbar is normalized to the respective maximum value for each panel.

faint upon increasing the TC values (see Fig. 4(c)). Such a feature
was demonstrated earlier in the linear propagation of MAV beams in
free-space and gradient-index media (Al-Ahsab et al., 2024; Das et al.,
2025d). However, in the non-perturbative interaction of ultrashort
intense MAV beams with atomic targets, it was demonstrated that
higher-order harmonics (17th harmonic to be more specific) display a
single-bright intensity ring under these conditions i.e., / = 1, n = 1, and
6 = 1 (Das et al., 2025a). These comparisons between perturbative MAV
beams-crystal and non-perturbative MAV beam-atomic gas interactions
clearly depict how nonlinear responses of different targets to input
MAYV beams alter across interaction regimes. From Fig. 4(a) and (c),
we also notice that the radius of the maximum intensity ring grows as
the TC values of the input MAV beams increase. To understand this
behavior, we compute the radius of the maximum intensity ring (»5£%)

max
for the SFG beam by setting w 0, and solve it for r3FC.

3 SFG _ 2n1+2ny+|1 |+l | . .
We find that r,7¢ = w4/ Sorm aam ) Note that this expression of

2
rSFG is derived by substituting Eq. (4) into AEsr @O _ ) for identical
values of wy ; and w,,. For identical values of the TC, beam order, and
SFG _ 4ne2]l]

max — YO\ 4Gnr1)”
Therefore, for a fixed value of n and 8, rSFG « +/|i[. It is also important
to note although the above relation is derived for the SFG beam at the
waist plane, it holds true at different propagation distances as well. It is
also important to note that, although the SFG beam intensity is shown
on a normalized scale in Fig. 4(a) and (c), the actual beam intensity is

relatively higher in the earlier case due to its smaller beam size.

modification parameter of the input MAV beams, r

From the transverse phase distributions shown in Fig. 4(b) and (d),
we extract the TC information of the SFG beam by simply counting
the number of 27 phase shifts along the beam’s azimuth, which turns
out to be 2 and 4, respectively. These values clearly establish the OAM
selection rule, gz = I; + I,, for the SFG process. Additionally, the
selection rule for the energy in the SFG process can be expressed as:
Q3 = Q, +4,. Similar selection rules for the OAM, and energy i.e., [, =
Ml + Ni,, and Q, = MQ, + N2, have also been established in the
non-perturbative process of HHG driven by two vortex beams, where
l,, and Q, are the OAM, and energy of the harmonic order g, /;, and /,
are OAMs of the driving vortex beams, and M, and N are the number
of photons absorbed from different channels i.e., vortex modes with
OAMs /;, and /,, respectively. Interestingly, in the HHG process under
the dipole limit, different combination of photon absorption pathways
give rise to more involved OAM distributions for a given harmonic
order, while making sure that the total number of photons absorbed
via the interaction is an odd number. Therefore, the HHG process can
be thought of as a higher-order frequency mixing process. Additionally,
we observe spiraling in the phase structure as the SFG beam propagates
beyond its waist plane (see Fig. 4(b), and (d)). The z-dependent phase
terms present in Eq. (12) along with the helical phase induce such
spiraling.

In Fig. 4(a) and (c), we show the transverse intensity distributions of
the SFG beam only at a specific propagation distance i.e., z = 5000 pm.
However, from an application perspective, it is important to thoroughly
understand how the short-wavelength SFG beam evolves in free-space.
Does it follow similar propagation trajectories as the fundamental MAV
beam? Therefore, we analyze the propagation dynamics of the SFG
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Fig. 5. Longitudinal intensity distributions of the SFG beam. In (@) [, =/, =1, n,=n,=1,6, =6, =1l,andin (b) [, =, =2, n, =n, =1, 6 =6, = 1. At

short propagation distances, non-diffracting behavior is evident in both beams, while self-focusing becomes prominent at intermediate distances and diffraction
dominates at long distances. Additionally, the SFG beam with a higher TC exhibits greater divergence than the SFG beam with a relatively lower TC. The intensity

colorbar is normalized to the respective maximum value for each panel.

beam carrying different TCs in free-space and the results are shown
in Fig. 5. Owing to the circular symmetry of the SFG beam, we set one
transverse dimension to zero (i.e., x = 0 in our simulation) and illustrate
the beam evolution along the other transverse dimension (i.e., y) as
a function of the propagation distance. An equivalent result would be
obtained if the analysis were performed with y = 0. For I} =1, = 1,
as displayed in Fig. 5(a), it can be seen that the SFG beam maintains
its beam size and intensity until a short propagation distance beyond
the waist plane. Later, the beam undergoes self-focusing phenomena,
where the beam profile size significantly decreases along with a sharp
enhancement in the beam intensity. Additionally, a secondary off-axis
ring appears in the self-focusing stage. When the beam propagates fur-
ther to larger distances, it diffracts, where the beam size spreads and the
beam intensity decreases monotonically with increasing propagation
distances. When the TC values are increased to /; = I, = 2, one can
clearly observe the extension in the dark-core and beam sizes of the
SFG beam, both at the waist plane as well as at different propagation
distances (see Fig. 5(b)). Propagation features, such as maintenance of
the beam size and intensity for short propagation distances, appearance
of self-focusing and diffraction effects at distinct propagation distances
are also observed in this scenario. Additionally, it can also be observed
that the secondary off-axis ring eventually faints and disappear upon
the propagation of the beam to larger distances, consistent with what
we see in Fig. 4(c). Moreover, the self-focusing point moves away
from the waist plane for increasing TC values (see Fig. 5(a)-(b)). The
divergence is greater for the SFG beam with a higher TC than for the
SFG beam with a relatively lower TC. It is important to highlight that
fundamental MAV beams exhibit similar propagation properties.

In Fig. 6, we present the longitudinal intensity distributions of the
SFG beam generated via sum-frequency mixing of two conventional LG
beams. This analysis is crucial for understanding how different input
beam configurations affect the SFG process and the subsequent free-
space propagation dynamics of the SFG beam. For this purpose, we
set ny = ny = 0 and 6; = 6, = 0 in Egs. (4)-(5) and propagate
the resulting SFG beam in free-space. The wavelengths used are 4, =
775 nm, and 4, = 1550 nm. Fig. 6(a) shows the longitudinal intensity
distribution when both input LG beams carry TCs /; = I, = 1. The
SFG beam exhibits non-diffracting propagation only up to its Rayleigh
range, beyond which diffraction becomes evident. In the far-field, the
beam size broadens, the dark core expands, and the beam intensity
progressively decreases. When the TCs of the input beams are increased
tol;, = I, = 2, as depicted in Fig. 6(b), the beam intensity at the
generation plane is reduced, and both the beam size and the dark-
core size become larger compared to Fig. 6(a). Nevertheless, the SFG

beam retains similar propagation characteristics to those described in
Fig. 6(a). Additionally, in the far-field, the SFG beam with a higher TC
exhibits greater divergence — a trend also observed in Fig. 5 for SFG
beams produced through frequency mixing of MAV beams. A compar-
ison between Figs. 5 and 6 shows that, in both beam configurations,
non-diffracting propagation over short distances and the predominant
effect of diffraction at larger distances are present. However, the self-
focusing of the SFG beam observed at intermediate distances in Fig. 5
is completely absent in Fig. 6. This behavior is expected, as input LG
beams do not exhibit self-focusing in free-space, whereas input MAV
beams do. Consequently, we conclude that the propagation dynamics of
the SFG beam are shaped by the choice of the input beam configuration.

In Fig. 7(a), we study how the TC of the input MAV beams affects
the power of the SFG beam at the waist plane. Note that we use Eq. (17)
to plot the SFG beam power as a function of the input MAV beam
power. For this analysis, we use: Py; = Py, = Py = 15 W, wy; =
Wy, = wy =20 pm, ny =ny =n=1,6 =6 =6 =1, and three
different values of the TC i.e., I = 1,2, and 3. From the figure, a clear
quadratic scaling between the SFG beam power and input MAV beam
power can be observed. Additionally, it can be clearly seen that the
SFG beam power decreases monotonically with increasing TCs of the
MAYV beam. This behavior is easily understandable since an increase
in the TC leads to an enhancement in the beam size, which in turn,
reduces the power (or, intensity) of the SFG beam. Such a trend was
reported earlier in the SHG process driven by LG vortex beams in a
KTP crystal (Das et al., 2025e). In Ref. Das et al. (2025e), it was further
discussed how such a novel property could be exploited to improve
lateral resolution in stimulated-emission depletion microscopy — a
super resolution microscopy technique. Additionally, in Fig. 7(b) and
(c), we present the power of the SFG beam generated through frequency
mixing of traditional AV beams (n; =n, =n=1,6 =6, =6 =0) and
LG beams (n; =n, =n=0, §; =6, = 6 =0). To enable a direct one-to-
one comparison, we employ the same waist sizes, crystal length as those
used for the MAV beams. This comparison is crucial for demonstrating
the potential advantages of using MAV beams over other vortex beam
types in the SFG process. As can be seen from Fig. 7(b) and (c), for a
given TC, the SFG beam power increases with increasing input beam
power. Conversely, for a fixed input beam power, the SFG beam power
decreases as the TC increases. These trends are fully consistent with
those observed for MAV beams in Fig. 7(a). However, a comparison
across Fig. 7(a)-(c) reveals that, for a fixed TC and increasing input
beam power, the SFG beam power is consistently higher for MAV beams
than for traditional AV and LG beams. This leads us to conclude that
the conversion efficiency of the SFG process can indeed be enhanced
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Fig. 6. Longitudinal intensity distributions of the SFG beam generated from the frequency-mixing of two LG beams. In (a) /, =/, =1, n, =n, =0, 6, =6, =0,
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In contrast to the SFG beam generated through sum-frequency mixing of MAV beams, this SFG beam does not exhibit self-focusing behavior. Moreover, the
divergence of the SFG beam is greater for higher TCs than for lower ones. The intensity colorbar is normalized to the respective maximum value for each panel.
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Fig. 7. Comparison of the SFG beam power as a function of the fundamental beam’s power for TCs / = 1,2, and 3. The results are presented in (a) for an MAV
beam with parameters n = 1, § = 1; in (b) for a traditional AV beam with parameters n = 1, § = 0; and in (c) for an LG beam with parameters n =0, § = 0. A

similar trend in the SFG beam power is observed across all three beam types.

by utilizing MAV beams. It is also worth noting that the SFG beam
power is relatively higher for LG beams than for their traditional
AV counterparts (where 6 = 0). This observation clearly highlights
the crucial role of the modification parameter in governing the SFG
beam power and, consequently, the conversion efficiency of the SFG
process.

In Fig. 8, we present the conversion efficiency of the SFG process as
a function of the nonlinear crystal length for different TCs and beam
types: (@) MAV beam (n; = n, = n =16, =6 =6 = 1), (b)
traditional AV beam (n; = n, =n=1,6 =6, =6 = 0), and (c) LG
beam (n, = n, =n =0, 6, = 6, = 6 = 0). This analysis is primarily
based on Eq. (18). As expected, Fig. 8 exhibits quadratic curves, which
arise from the quadratic dependence of the conversion efficiency on
the crystal length ( « L? in Eq. (18)). Interestingly, this quadratic
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behavior is not exclusive to vortex beams. It has also been observed
in perturbative nonlinear optical processes driven by Gaussian beams,
such as SHG and SFG. Furthermore, this trend is anticipated to change
when a nonzero phase-mismatch factor is included in the calculations.
In such cases, instead of a simple quadratic increase, the SFG beam
power and conversion efficiency may exhibit oscillatory behavior with
a period proportional to the coherence length. As can be seen from
Fig. 8(a), for a fixed TC, the efficiency increases with crystal length.
However, at a given crystal length, the efficiency is higher for MAV
beams with lower TCs. This behavior becomes even more apparent
as we increase the crystal length. A similar trend is observed in Fig.
8(b) and (c) for traditional AV and LG beams. Importantly, comparing
Fig. 8(a)-(c) reveals that under identical conditions, the conversion
efficiency is always higher when MAV beams drive the SFG process
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Fig. 8. Comparison of the conversion efficiency as a function of the nonlinear crystal length for TCs / = 1,2, and 3. The results are presented in (a) for an MAV
beam with parameters n = 1, § = 1; in (b) for a traditional AV beam with parameters n = 1, § = 0; and in (c) for an LG beam with parameters n =0, § = 0. A
similar trend in the conversion efficiency is observed across all three beam types.

compared to traditional AV and LG beams. Moreover, the efficiency
of the SFG process driven by LG beams is higher than that driven by
AV beams. Collectively, these results highlight the critical role of the
modification parameter in controlling the conversion efficiency of the
SFG process and underscore the advantage of using MAV beams to drive
the process.

3.2. Case 2: 1| #£ 15, n; = n, (small), 6, =6,

In this case, we choose distinct TC values (I, # /,) for the input MAV
beams, while keeping their beam order and modification parameter
values fixed i.e., n; = n, = 1 and §, = §, = 1, as considered in the
previous case. In Fig. 9(a) and (b), we present the transverse intensity
and phase distributions of the SFG beam for TCs /; = 1,/, = 2 at a
distance z = 5000 pm. The intensity profile shown in Fig. 9(a) consists of
a bright ring surrounded by a less-intense ring. However, a comparison
between Fig. 4(a) (I, = 1,1, = 1) and Fig. 9(a)(!, = 1,1, = 2) reveals
that the overall beam size is bigger in the latter case. This can be
easily understood if we calculate the TC-dependent beam width of the
SFG beam for the scenario, when TCs of the input MAV beams are
distinct, although their beam order and modification parameter values
are identical. After substituting Eq. (4) into Eq. (20), and solving it for
identical values of n and §, we obtain:

dn+ 1|+ | +1
wWsra =W\ TG

Eq. (22) clearly reveals that the beam size is usually bigger for larger
values of |/;|+]/,|. Although Eq. (22) is derived by considering the SFG
beam at its waist plane, this relationship also holds true at different
propagation distances beyond the waist plane. The value of |/,]| +|/,]| is
equal to 2 in Fig. 4(a), whereas it is equal to 3 in Fig. 9(a). Similarly,
when we set the TC values to /;, = 1,/, = 4 as shown in Fig. 9(c),
we notice a further enhancement in the SFG beam size as compared
to that reported in Fig. 9(a), following the relationship in Eq. (22).
Additionally, with increasing TC values, the secondary off-axis ring
becomes so weak that it is hardly visible in the intensity distribution,

(22)

11

as displayed in Fig. 9(c). We also observe an enhancement in the radius
of the maximum intensity ring with increasing TC values of the input
MAV beams following the relation, 3G o« \/|I|] + |11, derived earlier
in Case 1. A comparison of the SFG beam intensity in Fig. 9(a) and (c)
shows that the intensity is higher in the former, owing to its smaller
beam size. The generation of short-wavelength MAV beam - via the SFG
process — exhibiting high TC, controllable dark-core size and intensity
rings could be extremely useful in the efficient trapping of microscopic
particles.

From the phase distributions, we find that there are 3 x 2z and
5 X 2z phase shifts along the beam’s azimuth, as shown in Fig. 9(b)
and (d), respectively. This is clearly in accordance with the OAM
selection rule, /gr; = I; + I, for the SFG process. To experimentally
measure the TC of the SFG beam, one can simply adopt a self-referenced
interferometric technique. In this technique, the SFG beam, whose TC is
to be measured, is interfered with its own mirror image. A dove prism
can be used to create the mirror image of the SFG beam, provided the
beam is not tightly focused i.e., the beam description should follow
the paraxial limit and the wavelength of the beam must lie beyond
the extreme-ultraviolet range (since extreme-ultraviolet light will be
completely absorbed by the prism material). The mirror image of the
SFG beam shows the opposite sense of rotation, so exp(—ilgpg6’) in
Eq. (12) transforms to exp(il gz;0’). Consequently, the phase difference
becomes exp(i2/gr;0'). As a result, one would observe 2/, number
of petals in the interference pattern. By counting the number of petals
and dividing the outcome by a factor of two provides the information
about the TC of the SFG beam. An alternative approach to measure the
TC of the SFG beam would be to illuminate a cylindrical lens with the
SFG beam, and counting the number of minima between the maximum
intensity lobes in the transformed Hermite-Gaussian intensity pattern.
The number of minima is exactly related to the TC of the illuminating
beam.

In Fig. 10, we show the longitudinal intensity distributions of the
SFG beam, when the TCs of the input MAV beams are different. Fig.
10(a) displays the intensity distribution, when /|, = 1,1, = 2. For a short
propagation distance, the beam exhibits non-diffracting characteristic
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Fig. 9. Transverse intensity and phase distributions of the SFG wave at a propagation distance, z = 5000 pm. In (@)-(b) [, = 1,l, =2, n, =n, =1, 6, =6, =1
and in (¢)-(d) /, = 1,1, =4, ny =n, =1, 5, = 6, = 1. Similar to Fig. 4, increasing the TC results in a larger beam size and a broader dark-core, accompanied by a
decrease in beam intensity. Moreover, for higher TCs of the input MAV beams, the less intense ring becomes almost invisible. The intensity colorbar is normalized
to the respective maximum value for each panel.
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Fig. 10. Longitudinal intensity distributions of the SFG beam. In (a) /, = 1,/, =2, n, =n,=1,6, =6, =1, andin (b) I, = 1,l, =4, n, =n,=1,6, =6, = 1.
Similar behavior to that reported in Fig. 5 is also observed here, including non-diffracting propagation at short distances, self-focusing at intermediate distances,
and diffraction effects in the far-field. The intensity colorbar is normalized to the respective maximum value for each panel.

following which it undergoes self-focusing. However, the secondary
off-axis ring surrounding the bright intensity ring is very weak and
hardly visible in the self-focusing stage. When the beam propagates
to larger distances, the beam size spreads due to diffraction and the

values, when compared to Fig. 10(a). The beam maintains its profile
size and intensity for a short propagation distance. However, the self-
focusing effect becomes less prominent in this scenario. Additionally,
the intensity of the secondary off-axis ring reduces so much that it is

dark-core size expands along with a reduction in the beam intensity.
In Fig. 10(b), we show the intensity distribution for I, = 1,1, = 4.
As expected from Eq. (22), the beam size expands with increasing TC
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no longer visible in the intensity distribution. An enhancement in the
TC value is solely responsible for such a behavior of the SFG beam.
Similar to Case 1, we also note that the SFG beam with a relatively
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Fig. 11. Transverse intensity and phase distributions of the SFG wave at a propagation distance, z = 5000 pm. In (a)-(b) /, =/, =1, n, =n, =4, 6, =6, =1, and
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higher TC exhibits greater divergence in the far-field. We can conclude
that for smaller beam order values of the input MAV beams, their TCs
play a pivotal role in shaping the spatial structure of the SFG beam both
at its waist plane and beyond.

3.3. Case 3: 1, =1,, n; = n, (large), 6, = 6,

In this case, we investigate the impact of using higher beam order
values for the input MAV beams on the intensity and phase distri-
butions of the SFG beam. To this end, we fix the values of the TC
and modification parameter to /;, = [, = 1 and §, = §, = 1, while
the beam order values are set to n, ny, = 4 in Fig. 11(a)—(b), and
n; = ny = 10 in Fig. 11(c)-(d). Furthermore, the transverse intensity
and phase distributions are shown at a distance of z 5000 pm.
From Fig. 11(a), we observe that there exists at least two secondary
off-axis rings in the intensity distribution, apart from the maximum
intensity ring. A comparison between Fig. 4(a) (n; = n, = 1) and Fig.
11(@) (n; = ny, = 4) reveals that: (1) an increase in the beam order
values lead to more intensity rings for the SFG beam, (2) for identical
values of the TC and modification parameter of the input MAV beams,
the SFG beam size expands with increasing beam order values. To
understand the latter result better, we compute the size of the SFG beam
by plugging Eq. (4) into Eq. (20) for distinct beam order values, and we
obtain:

o) = 2ny 4+ 2n, + 2|11 + 1
Wsrall) =t 6(ny +ny)+2

(23)
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If we substitute n; = n, = 1 (as considered in Fig. 4(a)), and
ny = n, = 4 (as considered in Fig. 11(a)), wgps(l) is greater for
the latter case. This conclusion holds true at any propagation distance
past the beam waist plane. In Fig. 11(c), we change the values of
n; and n, to 10, while maintaining the same values of the TC and
modification parameter as used in Fig. 11(a). It can be noticed that
as the beam order values further increase, we see more off-axis rings in
the intensity distribution, when compared to Fig. 11(a). Additionally,
the beam size of the SFG beam increases with beam order following
Eq. (23). The radius of the maximum intensity ring is slightly higher in
Fig. 11(c), when compared with Fig. 11(a), following the expression of
Fmax derived in Case 1 for identical values of the TC, beam order, and
modification parameter of input MAV beams. A comparison between
the fundamental MAV beam and the SFG beam reveals an interesting
conclusion: for fixed values of the TC and modification parameter, the
beam size is larger for lower values of the beam order (see Figs. 1, 2,
and 3). However, for the SFG beam, the beam size grows monotonically
with increasing beam order values of input MAV beams (see Figs.
11, and 12). Therefore, we can conclude that the nonlinearity of the
SFG process alters the fundamental characteristics of the beam. It is
important to highlight that the appearance of multiple off-axis rings in
the frequency up-converted extreme ultraviolet radiation was reported
earlier, when the MAV beam engineered with higher beam order drove
the HHG process in atomic targets (Das et al., 2025a). For example, in
Ref. Das et al. (2025a), it was demonstrated that the 17th harmonic
order contains a single secondary off-axis ring for n = 10, and / = 1 of
the fundamental MAV beam. However, as the TC increases from / = 1 to
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Fig. 12. Longitudinal intensity distributions of the SFG wave. In (a) /, =/, =1, n, =n,=4,6, =6, =1,andin (b) |, =/, =1, n, = n, = 10, 6, = 6, = 1. For
higher beam order values, the self-focusing region shifts closer to the beam waist plane. The intensity colorbar is normalized to the respective maximum value

for each panel.

| =5, the secondary off-axis ring disappears from the far-field intensity
distribution. In the present case, we observe more than one secondary
off-axis ring for the SFG beam, when /; =/, = 1 and n; = n, = 10. These
distinctions clearly depict the pivotal role of the nature (perturbative
or non-perturbative) of the nonlinear optical process. Additionally, such
features were also reported in the linear propagation of the MAV beam
in gradient-index media. The phase distributions in Fig. 11(b) and (d)
supports the OAM conservation rule in the SFG process i.e., lgpg =
Iy + [, although the phase structures are more intricate in this case,
when compared with Case 1 and Case 2. The phase structures also
provide information about the presence of secondary off-axis rings in
their corresponding intensity distributions.

In Fig. 12(a) and (b), we show the longitudinal intensity distribu-
tions of the SFG beam, for n; = n, = 4 and n; = n, = 10, respectively.
Both non-diffracting and self-focusing effects are observed in all the
scenarios. Additionally, in both scenarios, we notice the influence of
diffraction on the SFG beam propagation at larger distances. However,
we see more off-axis rings in the latter case due to higher beam order
values. An interesting conclusion can be made in the context of how
TC and beam order values control the number of off-axis rings in the
SFG beam: for identical beam order values of the input MAV beams,
the effect of increasing TC values is to faint the secondary off-axis ring
of the SFG beam, which eventually disappears. However, for identical
TC values of the input MAV beams, the number of secondary off-axis
rings in the SFG beam grows as the beam order values of input MAV
beams increase. Furthermore, the self-focusing region shifts towards the
beam waist plane i.e., z = 0 for increasing beam order values (see
Fig. 12(a) and (b)). Such a propagation property was also reported
in the propagation of the MAV beam in gradient-index media (Das
et al., 2025d). Here, we would like to make an interesting comparison
between POV beams and the SFG beam generated by MAV beams: (1)
For POV beams, increasing the ratio of their ring radius (R) to half-
ring width (w,) increases the number of secondary off-axis rings in the
self-focusing region (Wang et al., 2023; Kumar Das et al., 2025d; Das
et al., 2025c¢), whereas, increasing the beam order values of input MAV
beams gives rise to more off-axis rings in the SFG beam’s case. (2) For
POV beams, reduction in the ratio of R/w, shrinks the self-focusing
region and the self-focusing region shifts towards the beam waist plane.
However, in the SFG beam’s case, reduction in the beam order values of
MAV beams shifts the self-focusing region farther away from the beam
waist plane.
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3.4. Case 4: 1, = 1,, n; # n, (large), 6, = 6,

In this case, we choose distinct beam order values for the input
MAV beams i.e., n; = 4,n, = 10, and use identical values of the
modification parameter i.e., §; = 1 = §,. In Fig. 13(a) and (c), we
show the intensity distributions of the SFG beam for [, Iy 1
and /; = I, = 3, respectively at a distance of z 5000 pm. We
observe multiple secondary off-axis rings in both the scenarios, which
is obviously due to high beam order values. Moreover, the radius of
the maximum intensity ring, the size of the dark-core, and the beam
size are larger for the latter case due to its increased TC values. For
example, the radius of the maximum intensity ring in this case can

20y +2m, 4201 )
be expressed as: 570 = wy, [ 232t Therefore, for fixed values
max 26(ny+ny)+4

of ny, ny, and 3, r3% o« /1], which is precisely the case for Fig.
13(a) and (c). Additionally, the outermost off-axis ring becomes weaker
with increasing TC values, as discussed in earlier cases. A comparison
between Figs. 13(a) and 11(a), (c) reveals that for identical TC and
modification parameter values of the input MAV beams, the beam size
increases with increasing values of n; +n,. From the phase distributions
shown in Fig. 13(b) and (d), the OAM selection rule, Igrg = I} + I,
can easily be verified by counting the number of 2z phase shifts along
the SFG beam’s azimuth. Additionally, the transverse phases of the SFG
beam become more involved as the beam order values are increased.

From the longitudinal intensity distributions of the SFG beam shown
in Fig. 14(a) and (b), we observe non-diffracting and self-focusing
characteristics for the beam in both the scenarios. Additionally, we see
an enhancement in the beam and dark-core sizes with increasing TC
values of the input MAV beams. Moreover, the number of off-axis rings
in the self-focusing stage reduces as the TC values increase. Although
the beam intensity is presented on a normalized scale, it is relatively
lower in Fig. 14(b) than in Fig. 14(a) due to the increase in TC.

3.5. Case 5: 1| = 1,, nj = n, (small), 6, # 6,

In this case, we choose identical values for the TC and beam order of
the input MAV beams i.e., /| =/, = 1, and n; = n, = 1, however, select
distinct values of the modification parameter for them. The transverse
intensity and phase distributions of the SFG beam at a distance z
5000 pm are presented in Fig. 15. A comparison between Fig. 15(a)
(6, = 1,6, =0.7) and Fig. 15(c) (6; = 0.8,8, = 0.3) reveals that: (1) the
radius of the maximum intensity and the beam size of the SFG beam is
slightly higher in the latter case due to its lower modification parameter
value, (2) there occurs a single secondary off-axis ring in both the
scenarios as the beam order values of input MAV beams are set to
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Fig. 13. Transverse intensity and phase distributions of the SFG wave at a propagation distance, z = 5000 pm. In (@)-(b) /, =1, =1, n, =4,n, =10, 6, =6, =1,
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Fig. 14. Longitudinal intensity distributions of the SFG wave. In (a) /, =/, =1, n, =4,n,=10,6, =6, =1, and in (b) /, =1, =3, n, =4,n, =10, 6, =6, = 1. The
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unity, and (3) the beam intensity is relatively higher in the earlier case. Therefore, a lower value of §;, + 6, gives rise to a higher SFG beam

The expansion of the beam size with decreasing modification parameter size. From the phase plots displayed in Fig. 15(b) and (d), the number

values follows from the relation: of 2z phase shift is two each, which validates the OAM selection rule,
lgrg =1, + 1, in the SFG process.

From the longitudinal intensity distributions shown in Fig. 16(a)-(b),
N= 4n+2|l| + 1 24) we observe both non-diffracting and self-focusing effects in all the
wsre(l) = wo n(d; +8,) +2 scenarios along with the presence of a single secondary off-axis ring.
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However, the self-focusing region shifts away from the beam waist
plane for decreasing values of the sum of the modification parameters,
5,+6,. Such a propagation feature was demonstrated in the propagation
of the MAV beam in free-space and gradient-index media (Al-Ahsab
et al., 2024; Das et al., 2025d).

In our theoretical investigation, the input MAV beams were assigned
identical waist sizes - specifically, w, ; = wy, = 20 pm - across all cases
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considered. It would be worthwhile to examine the effect of varying
these waist sizes on the free-space evolution of the SFG beam, partic-
ularly in relation to the behavior of its self-focusing point. Previous
studies on the free-space propagation of MAV beams have shown that
increasing the beam waist size shifts the self-focusing position farther
from the waist plane (Al-Ahsab et al., 2024). Likewise, modifying the
wavelengths of the input MAV beams could provide further insight into
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Fig. 17. The same as Fig. 4, except for different wavelengths of the input MAV beams i.e., 4, = 1054 nm, and 4, = 2000 nm. Increasing the wavelength of the
input MAV beams results in greater far-field beam divergence of the SFG beam. The intensity colorbar is normalized to the respective maximum value for each

panel.

how the self-focusing point responds, offering additional avenues for
optimizing the nonlinear process.

3.6. Case 6: Effect of different wavelengths

From Case 1 to Case 5, we consistently used input MAV beams with
wavelengths of 4; = 775 nm and 4, = 1550 nm to investigate the SFG
process in a PPKTP crystal. However, the influence of varying the input
MAYV beam wavelengths on the propagation dynamics of the SFG beam
remains to be explored. From a fundamental perspective, variations in
wavelength may affect the far-field beam divergence. To address this,
in the present case we increase the input MAV beam wavelengths to
Ay = 1054 nm and 4, = 2000 nm, while keeping all other beam and
medium parameters identical to those used in Case 1. The resulting
transverse intensity and phase distributions of the SFG beam are shown
in Fig. 17 at a propagation distance of z = 5000 pm.

A direct comparison between Figs. 17(a), (c) and 4(a), (c) shows
that increasing the input wavelengths of the MAV beams results in a
larger beam size (and thus greater beam divergence) in the former case
at z = 5000 pm. This outcome is unsurprising and indeed expected, as
for identical TC, beam order, waist size, and modification parameter,
the far-field beam divergence scales directly with the wavelength of the
SFG beam. Note that the SFG beam’s wavelength is A; = 690.2 nm in
Fig. 17 and 516.6 nm in Fig. 4. Moreover, despite the intensity being
normalized in both cases, the SFG beam intensity is relatively lower in
Fig. 17(a), (c) than in Fig. 4(a), (c). The phase distributions, presented
in Fig. 17(b) and (d), reveal a net TC of 2 and 4, respectively.
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In Fig. 18, we present the longitudinal intensity distributions of the
SFG beam corresponding to those shown in Fig. 17. As in Case 1, typical
free-space propagation features are again observed: the SFG beam
exhibits non-diffracting propagation over short distances, followed by
self-focusing behavior at intermediate distances, and eventually un-
dergoes diffraction. Furthermore, increasing the TC of the input MAV
beams results in an expansion of both the beam and the dark-core sizes,
along with a reduction in beam intensity. A comparison between Figs.
18 and 5 shows that self-focusing occurs earlier in Fig. 18 than in Fig.
5. In other words, the self-focusing region shifts toward the beam waist
plane as the wavelength of the SFG beam increases. This observation
is consistent with the free-space propagation behavior of MAV beams,
where a higher wavelength enhances the self-focusing effect, thereby
moving the self-focusing region closer to the beam waist plane or the
source plane (Al-Ahsab et al., 2024). Additionally, since both the SFG
beam power and the conversion efficiency scale inversely with the
square of the SFG wavelength, using the longer wavelength in this case
(43 = 690.2 nm) results in lower values for both quantities compared to
Case 1 (43 = 516.6 nm).

4. Conclusion

In conclusion, we investigated the nonlinear phenomenon of sum-
frequency generation (SFG) in a quasi-phase matched PPKTP crystal
driven by MAV beams. Under the assumptions of no-pump depletion
and ideal phase-matching conditions, we derived an analytical expres-
sion for the complex field amplitude of the SFG beam at the waist plane.
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Furthermore, employing the Huygens-Fresnel integral in conjunction
with the elements of the ABCD matrix enabled us to the derive the free-
space complex field amplitude for the SFG beam at a finite propagation
distance. We examined the influence of diverse parameters associated
with the input MAV beams on both the intensity and phase distribu-
tions of the generated SFG beam at a specified propagation distance
(transverse profiles), as well as across a range of distances (longitudinal
profiles). It was found that: (1) When the modification parameter and
beam order values of the input MAV beams are set to unity, both the
beam size, the dark-core size, and the radius of the maximum intensity
ring of the SFG beam increase with increasing TC values. Additionally,
the sole secondary off-axis ring present in the SFG beam’s intensity
distribution weakens as the TC values increase. (2) With higher beam
order values (>1) of the input MAV beams, while keeping identical
TC and modification parameter values, the intensity distribution of the
SFG beam exhibits an increased number of secondary off-axis rings
and its overall size expands. Additionally, the self-focusing region in
the SFG beam’s propagation moves closer to the beam waist plane. (3)
For identical TC and beam order values of the input MAV beams, the
beam size and the radius of the maximum intensity ring increase as the
sum of the modification parameter values decreases. Furthermore, the
self-focusing region moves away from the beam waist plane when the
sum of the modification parameter values is reduced. (4) The selection
rule governing OAM in SFG, namely, the relation Igp; = | + 1o,
is consistently supported across all cases examined in our theoretical
analysis. (5) The SFG beam power and conversion efficiency decrease
as the TC increases — a trend observed for MAV, traditional AV, and
LG beams. However, under identical beam and medium parameters, the
SFG beam power and conversion efficiency remain consistently higher
for MAV-driven SFG compared to that driven by traditional AV or LG
beams. (6) An increase in the wavelength of the SFG beam shifts the
self-focusing region nearer to the beam waist plane.

In this work, the MAV beams were in the near-infrared spectral
range, resulting in an SFG signal within the visible range. However,
by selecting MAV beams at visible wavelengths, the SFG output can
be extended into the deep-ultraviolet or beyond. Generating short-
wavelength MAV beams with high TC and a tunable dark-core size
would significantly expand their utility in particle trapping, optical
communication, and mode-switching. As a future outlook, it would
be interesting to explore SFG driven by POVs and grafted optical
vortices (Zhang et al.,, 2019), as these beams maintain a consistent
beam size with changing TC. Such a study would enable a direct
comparison of the output power and conversion efficiency with those
obtained using MAV beams.
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