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We present a theoretical study of Compton scattering of x-rays and y rays by a K-shell electron. Special atten-
tion is paid to the double-differential cross section and polarization of the scattered photons for linearly polarized
incident photons. To investigate these observables, we employ the scattering matrix (S-matrix) approach based on
relativistic Green’s functions. The S-matrix results are moreover compared with predictions of the free-electron
and impulse approximations, allowing us to assess the role of electron binding effects. Detailed calculations are
carried out for hydrogenlike Ne®* and Pb3!* targets over a wide range of incident photon energies and scattering
angles. The calculations reveal kinematic regimes in which the impulse approximation agrees reasonably well
with the S-matrix results. We also explore the polarization of scattered photons for slightly depolarized incident
radiation, including the highly sensitive case of scattering at 90°.
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I. INTRODUCTION

Compton scattering of a photon by an electron, initially
bound to an atom or an ion, is one of the fundamental pro-
cesses of light-matter interaction. In this process, the photon
is generally scattered with lower frequency, while part of its
energy is used to eject the electron, making this process one
of the key mechanisms of energy transfer from electromag-
netic radiation to matter. Since the seminal papers by Arthur
Compton [1,2], which earned him the Nobel Prize in Physics
in 1927, this photon scattering has received much attention
in many areas of modern research. In particular, Compton
scattering finds important applications in medicine, playing a
crucial role in radiobiology, radiation therapy, medical imag-
ing, and tomographic systems [3]. It also allows one to probe
the electron momentum density in solids [4,5], making this
process a powerful tool for material science research. Based
on the Compton effect, novel segmented semiconductor detec-
tors have been developed to measure the polarization of hard
x-rays [6,7], which are important for gamma spectroscopy.
Moreover, the Compton effect is widely employed in astro-
physics as well as in atomic and plasma physics.
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Earlier investigations of Compton scattering have focused
mainly on the cross sections and energy distributions of the
scattered radiation. In recent years, however, there has been
a growing interest in the linear polarization of scattered pho-
tons, especially when the incident radiation is itself polarized.
Such studies have been stimulated by the availability of highly
polarized x-ray beams at modern synchrotron facilities, such
as PETRA IIT at DESY in Hamburg, as well as by the develop-
ment of polarization-sensitive detectors [8,9]. The analysis of
experimental data on the polarization of Compton-scattered
radiation requires the development of reliable theoretical
models. Since the discovery of the Compton effect, sev-
eral theoretical approaches capable of describing polarization
effects have been developed, each with its own range of va-
lidity and accuracy. The simplest approach is provided by
the free-electron approximation (FEA), which is based on the
Klein-Nishina formula for photon scattering by a free electron
at rest [10]. In this case, the energy of the scattered photon is
uniquely determined by the scattering angle, giving rise to a
well-defined Compton peak in the energy spectrum. Due to its
simplicity, the FEA is widely used as a first approximation in
Compton scattering, particularly at high photon energies [11].
However, at lower energies or for heavier targets, the influ-
ence of the atomic potential on the initial, intermediate, and
final electron states can no longer be neglected, and the FEA
becomes insufficient. A first step beyond the free-electron
picture is provided by the impulse approximation (IA). Within
this framework, the initially bound electron is approximated
as quasifree: it no longer remains at rest in the laboratory

Published by the American Physical Society
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frame, but its motion is described by the momentum distri-
bution of the actual bound state [12—18]. Thus, within the IA,
the atomic potential enters indirectly, through the momentum
distribution. Its effects on the intermediate propagation and
on the final continuum state are not included at this level.
For sufficiently large photon momentum transfer, the impulse
approximation reproduces the differential cross section well,
especially near the Compton peak [16,17,19]. Unlike cross
sections, the polarization of the scattered photons is generally
more sensitive to the details of the interaction, and in particu-
lar to the accurate treatment of the atomic potential throughout
the entire scattering process. Its quantitative analysis therefore
often requires a more rigorous theoretical framework such as
the relativistic S-matrix approach.

In this paper, we present a relativistic S-matrix treat-
ment of Compton scattering of linearly polarized photons
by bound electrons. Particular emphasis is placed on the
double-differential cross section if the emitted electron re-
mains unobserved and, especially, on the linear polarization
of the scattered photons. Before analyzing the Compton cross
section and polarization properties, we specify the geome-
try of the scattering process in Sec. II. A brief overview
of the theoretical approaches used to describe this process,
with special emphasis on the S-matrix theory, is presented in
Sec. III. We stress, in particular, that the S-matrix treatment re-
quires a summation over the complete spectrum of the atomic
Hamiltonian, including both bound and continuum states.
This summation can be carried out most efficiently using the
relativistic Green’s function approach discussed in Sec. IV.
The results of the S-matrix calculations for the K-shell Comp-
ton scattering by Ne’* and Pb3!* ions are presented in Sec. V
and compared with the predictions of the free-electron and
impulse approximations. Calculations have been carried out
for a broad range of kinematic regimes characterized by the
ratio of the bound-electron momentum p;, to the photon mo-
mentum transfer g. For p,/q < 1 and photon energies near the
Compton peak, the S-matrix predictions generally agree well
with those of the impulse and free-electron approximations.
While such agreement for the cross sections has been well
known [20], we find that it also holds for the polarization
of the scattered photons. In addition, we investigate how the
polarization of the scattered photons changes for slightly de-
polarized incident radiation. In analogy to Rayleigh scattering
[21,22], a particularly strong sensitivity to initial polarization
is observed for scattering at angles near 90°. Finally, Sec. VI
provides a summary of the results and a brief outlook.

In Secs. II-1V, where the theoretical framework is intro-
duced and the basic formulas are derived, we use relativistic
units, i = ¢ = m, = 1. For the presentation and analysis of
the numerical results in Sec. V, photon energies are expressed
as hiw in keV.

II. GEOMETRY AND BASIC NOTATIONS

Before discussing the theoretical approaches to the descrip-
tion of bound-state Compton scattering, let us briefly recall the
geometry of the process and the basic notations. In this paper,
we consider the scattering of an incident photon with energy
w;, wave vector k;, and polarization ¢; by the K-shell electron.
The energy as well as the wave and polarization vectors of
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FIG. 1. Geometry of the bound-state Compton scattering. The
quantization (z) axis is chosen along the wave vector k; of the inci-
dent photon, which, together with the wave vector k of the scattered
photon, defines the reaction (xz) plane.

the scattered photon are wy, k, and €y, respectively, while p,
and my denote the asymptotic momentum and spin projection
of the emitted electron, which remain unobservable in our
study. It is implied that the wave vector k; of the incident
photon defines the quantization (z) axis and, together with
ks establishes the reaction (xz) plane; see Fig. 1. For this
geometry, the emission of the scattered photon is described
by a single polar angle 6. The linear polarization vectors ¢;
and €/ lie in planes perpendicular to the corresponding photon
momenta k; and k7, respectively.

III. THEORETICAL BACKGROUND

A. Cross sections and polarization parameters

Since the present study is primarily concerned with the lin-
ear polarization of incident and scattered photons, let us first
recall the way to describe it. As is usual in optics and atomic
physics, for this purpose we will use the Stokes parameters,
which completely specify both the degree and direction of
polarization of a photon. The first Stokes parameter

o — Iy
Io + Ioo

(D

Py

is related to the intensities Iy and Iy of radiation linearly
polarized parallel and perpendicular to the reaction (xz) plane,
respectively. The second Stokes parameter P, is defined
analogously, but in terms of the intensities I5 and /35, cor-
responding to linear polarization at angles of 45° and 135°
with respect to the xz plane. The third Stokes parameter P,
which describes circular polarization, is assumed to be zero in
the present study and will therefore not be considered further.

In what follows, we will assume that the polarization of
incident photons is described by the parameters 0 < Pl(’) <1
and Pz(i) = 0. This corresponds to a rather common scenario
of synchrotron experiments, where the incoming photons are
strongly (though not always completely) linearly polarized
within the reaction plane [22].

To determine the linear polarization of the scattered pho-
tons, one must start from the Compton cross section. As
mentioned above, we assume that the emitted electron is not
observed. Consequently, the cross section is doubly differen-
tial in the energy w, and angle 6, of the scattered photon.
For the case of linearly polarized incident radiation, this cross
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section can be written as

d’o o 1+P" do
——— (e, P) = L (e, €))
deda)f 2 deda)f
AR ES
2 dQde,

since we took Pz(i) = 0. In this expression, the cross sections

T~ (€5, € ) = —— €7, = 1),
deda)f f 2 deda)f AR

o =2 (=) @
—(€f, 6 1) = —— (€7, =—
deda)f f -+ deda)f AR

describe the scattering of the photon with the polarization
vector €, for the case where the incident photon has the
polarization €; along the x and y axes, respectively.

Using Eqgs. (1) and (2) as well as the natural assumption
that the intensity of the scattered light is proportional to the
corresponding Compton cross section, we can obtain the first
Stokes parameter for the final-state photons as

) _ dZO' (éf,”, Pl(i)) — dZO' (Gf’L, Pl(i))
d?o (Gf!”, Pl(i)) + d?0 (Gf’J_, Pl(i)) ’

“4)

while the second one is Pz(f ) = 0, and, for brevity, we have in-
troduced the shorthand notation d*o = d*0 /d2dw; that will
be used later in the text. Apparently, any further analysis of the
polarization Pl(f ) requires knowledge about the polarization-
resolved Compton cross sections d%o (€ 7 €;). In the following
sections, therefore, we will discuss their evaluation within the
free-electron approach, impulse approximation, and relativis-
tic S-matrix theory.

B. Free electron approximation

Not much needs to be said about the Compton scattering
of a photon by a free electron at rest. The double-differential
cross section for this case is given by the well-known Klein-
Nishina formula:

2

x 8wy — wc), (®))

where ry is the classical electron radius and the Compton
energy is

w;

T wi(1 —cosBy)’ ©

wc

The last expression implies that, for a given angle 6, the
scattered photon energy is uniquely determined.

As seen from Eq. (5), the polarization dependence of the
Klein-Nishina cross section is introduced by means of the
scalar product €/ - €;. For the geometry shown in Fig. 1,
the square of this product reads

*

2 2 >
|€‘aH .eva| = COs va |€T,J_€f,l-| = 1’

€ €r.1l> = 1€ € ylP =0, (7

for different combinations of polarization vector directions.
By inserting the expressions (7) into Eq. (4) we derive the
polarization of scattered photon for the free-electron case:

2P — (14 P{")sin’ 6,
(wi2 + a)j%) Jwrw; — (1 + Pl(i)) sin” 0

where 0y = wc.

For the analysis below, it is useful to recall the classical
Thomson limit of Compton scattering by a free electron at
rest. Indeed, when the incident photon energy is much smaller
than the electron rest energy, w; < 1, the electron recoil can
be neglected. Equation (6) then yields w¢ & w; so that the
scattered photon energy is approximately equal to the incident
one. In this limit, the cross section (5) reduces to the classical
expression:

d2o (™

W(ef,e,-) ~ 1y l€ €47 8(wf — ). 9)

The above expression shows that the Thomson cross sec-
tion depends explicitly on the mutual orientation of the
polarization vectors of the incident and scattered photons.
This feature will be useful below for a qualitative analysis of
the polarization dependence of the scattering process.

C. Impulse approximation

Since the impulse approximation (IA) has already been
widely discussed in the literature [13,16—18], we restrict our-
selves here to a brief review of its main ideas. While the basic
formulas (5)—(6) of the free-electron model are derived for
an electron at rest, the impulse approximation accounts for
the momentum distribution of an electron initially bound in
a target atom. In this approach, the bound electron is treated
as quasi-free, but with a nonzero initial momentum described
by the bound-state momentum distribution. The IA double-
differential scattering cross section can then be written as

42 A

a5z, de; 7 €0

2o (FEA)
= | —————(€s, €;p) p(p)S(AE)dp;, (10
/dedwf(ef €;;p;) p(p)) S(AE)dp;, (10

upon convoluting its free-electron counterpart d>¢ FEA)
(€7, €; p;) with the momentum distribution p(p;) of a “bound”
electron. In Eq. (10), moreover, the Dirac delta function en-
sures energy conservation:

AE =E +w; — Ef —wy =0, (11D

where E; and E; are the energies of the initial (bound) and
final (continuum) electron.

The FEA cross section in Eq. (10) is obtained by perform-
ing a Lorentz transformation of the Klein-Nishina formula (5),
which is defined in the electron rest frame, to the laboratory
frame. In the latter, the quasifree electron carries an initial
momentum p; = (|p;| siny cos @, |p;| sin ¥ sin @, |p;| cos ),
which, in general, does not lie in the reaction (xz-) plane.
In this case, the doubly differential cross section can be
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written as
d2o (FEA)

deda)f
/ / / 2
_ B(wf, Qf) rg (Uf
Ao, Q) 4\ @

©r O e e 2 s, — o
X Tt e ef|" =2 | 8wy — o), (12)
W O

(e, €:p;)

where the Jacobian a(a)}, Q})/ d(wys, Q)  accounts
for the transformation from the electron rest frame
(denoted here by primes) to the laboratory frame; see,
e.g., [23]. The energies of the incident and scattered
photons in the electron rest frame are given by o=
w;y(1 — Bcosyr) and a)’f = wsy[1 — B(sinbf sin cos ¢ +
cosfrcosy)] = wpy(1 — Bcos¢), respectively.  Here,
B=v; and y =1/4/1 — B2 are the standard relativistic
parameters. The angle ¢ denotes the angle between the
scattered photon and the incident electron in the laboratory
frame. Finally, the Compton energy in the laboratory frame
reads
wiy(1 = Bcosy)

ot = .a3)
w;i(1 —cosBr)+y (1l —pBcosi)

Using Egs. (10) and (12) together with an appropriate
model for the electron momentum distribution p(p;), one can
calculate the double-differential cross sections d?o"4)(e 1 €)
and, consequently, the linear polarization of the scattered pho-
tons. In the present work, the momentum distribution p(p;) is
obtained from the Fourier transform of the bound-state Dirac
wave functions for hydrogenlike Ne®* and Pb®!'* ions in their
ground (1s) state. The integration over the initial electron
momentum in Eq. (10) was performed using the Monte Carlo
procedure described in Ref. [18].

Having discussed the basic formulas of the impulse ap-
proximation, we now briefly discuss its range of validity. A
convenient criterion for the validity of the IA is provided by
the ratio of the characteristic momentum p;, = «Z of a bound
electron to the photon momentum transfer g = |k; — k¢|. In
the regime p,/q < 1, the IA is known to provide a good
approximation to the (unpolarized) double-differential cross

J

section, particularly for energies of scattered photons near the
Compton peak [19,20]. For p;/g > 1, or when the energy
transfer becomes comparable to the binding energy, effects
beyond the quasifree description become increasingly impor-
tant, and the accuracy of IA deteriorates.

To conclude this brief discussion of the impulse approx-
imation, we note that electron binding is not completely
neglected in this approach. Indeed, by incorporating the mo-
mentum distribution of the initial electron, the IA retains the
static momentum-space information about the bound state and
therefore accounts for the Doppler broadening and finite width
of the Compton peak. When comparing the IA with the full
S-matrix treatment below, however, the term “binding effects”
refers mainly to effects of the atomic potential during the
scattering process that are not contained in the IA. These in-
clude the fact that the initial bound electron enters through its
full Dirac-Coulomb wave function, rather than only through
its momentum distribution, the propagation of the electron in
the atomic potential between the two photon vertices, the dis-
tortion and Coulomb phase shifts of the outgoing continuum
electron, and the interference of the corresponding transition
amplitudes. While these effects are naturally included in the
S-matrix approach through the bound and continuum eigen-
functions and the Green function of the atomic Hamiltonian,
they are absent from the incoherent folding of a free-electron
scattering kernel with p(p;).

D. Scattering matrix theory

A more rigorous, compared to FEA and IA, approach to
the description of Compton scattering is based on the use
of the relativistic scattering matrix. Within the S-matrix ap-
proach, the electron in its initial and final states is described
by the bound |n;k;u;) and continuum |pfmx) solutions of
the Dirac equation for a Coulomb (or, if necessary, mean-
field screening) potential. While the continuum electron is
characterized by the asymptotic momentum p, and spin pro-
jection my onto its propagation direction, the principal n; and
Dirac x; quantum numbers as well as projection w; of the
total angular momentum j; = |«;| — 1/2 are used to specify
a single-electron bound state. The coupling with the elec-
tromagnetic field in this case is taken into account in the
second-order perturbation theory, which leads to the matrix
element

(pm|RT (K r€ ) myicy oy ) (e fhy | R(Kei€;) i)
M;L;ms(pf) = Z Al

1y Ky fhy

E,-—Ev—i—a),-

fa Y (pm|R(ki€;) nyicy i) (nyicy i |RT (e peg) mikci ;)

Nyky Ky

. 14
Ei — E,, — Wy ( )

Here, « is the fine structure constant and the summation runs over complete atomic spectrum |n,k,, (4, ), including both bound and
(negative and positive) Dirac continuum states. Moreover, photon absorption and emission are described here by the operators
R(k;€;) and R (k r€7), where

Rke) = aee™, (15)

and a = {a,, ay, a.} is the vector of Dirac matrices. Two terms in the amplitude M, ,, (p) correspond to respective Feynman
diagrams, displayed in Fig. 2, and usually referred to as “absorption first” and “emission first” contributions.
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For the evaluation of the amplitude (14) it is practical to decompose the continuum (emitted) electron state into partial waves:

|pm_Y> = Z ilf efiA"f /2[f +1 <lf0 1/2m‘v|jfm‘Y)D,jmex(i))|Ef/cfp,f), (16)

Kty

which are described by the total energy E,, Dirac quantum number «, and projection of the total angular momentum
Jr =lkrl —1/2 on the overall quantization axis, chosen along the propagation direction of incident photons. By inserting

decomposition of |pmy) into Eq. (14) we trivially obtain

Mll’imx(p) = Z i_l/ eiAK/. /Zlf + 1 (lfO 1/2m3|jfms>D/ij;;u (i’)Ml/«il/«/ (Efo)’ (17)

Krif

where the partial scattering amplitude

Epicr s R (k pe ) nykey i) (mofey piy | R (Ki€;) mici )

M, (Epicy) = o Z <

YKy by

E, —E, + w;

ta Z (Epicrng|R(Ki€:) nymcupin) (nukcu iy |RT (K p€ ) Imincipus)

nyky by

describes the transition |nk;u;) + vi — |Egkpiy) + vy be-
tween bound and continuum state with well defined total
angular momenta and parities. We note that M, (Efky)
is very similar to the well-elaborated amplitudes for the
Rayleigh and Raman photon scattering. The only difference is
that in Compton scattering the final-state electron is no longer
bound to the nucleus but belongs to the continuum spectrum.
This difference, however, concerns only the radial parts of a

ki €; kf Ef

In; K ;) lprms)

k; € kr €

In; ki ;) Iprms)

FIG. 2. The Feynman diagrams that describe the Compton scat-
tering. The wavy lines represent incident and outgoing photons while
the double straight line represents the electron, moving in the field of
a nucleus. The upper and lower diagrams are usually referred to as
“absorption first” and “emission first”, respectively.

18
E,'—Ev—a)f ( )

(

scattering amplitude, whereas its angular parts are the same
for Rayleigh, Raman, and Compton processes. For that rea-
son, we will not further discuss here the evaluation of the
partial amplitude (18) and refer to Refs. [21,24,25] for further
details. In Sec. IV we just briefly review the computations of
radial integrals that enter My, . (Eficy).

Having discussed the second-order matrix element (14),
we are ready to derive the double-differential Compton cross
section and the linear polarization of the scattered photons.
As mentioned above, a typical experimental scenario where
the ejected electron remains unobservable will be considered.
For this case, the double-differential cross section

dZU(SM)
deda)f
1
2ji+1

(€7, €)

> f My, (€5, €3 1> A2, (19)

Himm

can be obtained by integration over the electron emission
angles and summation over its polarization. Moreover, we also
average over the projection w;, assuming that the initial atomic
state |n;k;) is unpolarized. By inserting the decomposition (16)
into Eq. (19) and performing standard angular-momentum
algebra, one obtains

a2 M )
M(Gf,ei) =2x Z |Myp, (€r, €5560)]7. (20)
! ! HikflLf

According to this expression, the double-differential Compton
cross section can be written as the sum of (squared) partial
scattering amplitudes (18). Finally, the cross section (20),
together with Egs. (2) and (4), can be employed to obtain the
linear polarization of scattered photons.

IV. GREEN’S FUNCTION APPROACH

As follows from the discussion above, the S-matrix cal-
culations of both the double-differential Compton cross
section and the polarization of the scattered photons can be
traced back to the partial matrix element (18). The evaluation
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of this matrix element is a very challenging task because of
the summation and the integration over the complete spectrum
of virtual intermediate atomic states |n,«,,). In the present
study, this intermediate-state summation and integration is
carried out with the help of the relativistic Green’s function,
defined as

i) gl (1)
Gnn By =y, BTl )
ny Ky fhy ” vky —E

where the relativistic atomic wave functions
Poyie, (r) x4 (7)
’I’:/‘:(u (r) = Wy /a

1O, (1) XZp, (P)

can represent bound, positive-continuum, and negative-
continuum states. In the continuum case, the quantum number
n, should be understood as the total energy of the electron,
over which integration is performed. In Eq. (22), moreover,
P, (r) and Q,  (r) are the radial solutions of the Dirac
equation in a central potential, while x/*(7) denotes the nor-
malized spin-angular function [26,27].

By employing the Green’s function one can rewrite the
partial matrix element (18) for the Compton scattering as

(22)

My, (€, €i5k5)
=—a/¢§//:/(r Joese k2 G(ry, 71, Ei + ;)

x o €; ek G, (r1) dry dry

—a/(ﬁEm(rz)ae glkir: G(ry, r1, E; — wy)

X a€f e km i, (r) dry dr, (23)

where the intermediate-state summation is “contained” now
in G(ry, ry, E; + ;) and G(r2, ry, E; — wy). The further eval-
uation of M, (€r, €; k) requires the use of the multipole
expansions of the electron-photon interaction operator (15)
and of the Green’s function. Since both expansions and the
subsequent angular momentum algebra have been discussed
at length in the literature, see Refs. [28-30], we will not
elaborate on them here and just mention that Eq. (23) can
be rewritten as (the sum of) products of (i) angular matrix
elements and (ii) corresponding radial integrals. While the
angular terms are the same as in the theory of Rayleigh and
Raman scattering, the radial integrals are different due to the
presence of the continuum-state wave function. To discuss this
difference and related challenges, we display here one of four
radial integrals that enter Eq. (23):

[e¢]
I :/ dridry Qg,u, (r2) ji, (@yr2)
0

Xg,L(UL(Fz,rl; E) ji, (@ir1) Onu, (11). (24)

In this expression, Qn,,(r1) and Qg (r2) are the “small”
radial components of the bound- and continuum-state electron
wave functions, respectively. The “large-large” component of
the radial Green’s function gk (r,, r1; E) is characterized by
the Dirac quantum number «, and energy E. Moreover, the
spherical Bessel functions ji, (w;r1) and jg,(wsr>) arise from
the multipole expansion of the electron-photon interaction
operator (15).

The calculation of the integral (24) can be greatly sim-
plified by the fact that the radial component of the Green’s
function can be written in the form

1
&l (ra 1, Ey = —[O(ry — r)F o (r2, E)EL o(r1, E)
Ky
+O(ry — n)FL o(r2, E)FL (11, E)],

(25)

where ® denotes the Heaviside step function, FOL (r, E) and
FL(r, E) are solutions of the Dirac equation, that are regular
at the origin and at infinity, respectively, and w is the cor-
responding Wronskian. We note that Eq. (25) is valid for an
arbitrary central potential. For the particular case of a pure
Coulomb interaction moreover, the exact analytical expres-
sions for F-%(r) and F-_(r) in terms of Whittaker functions
are known and dlscussed in detail in the literature [30-32].

By inserting the Green’s function (25) into Eq. (24) one
can write the radial integral /;; in the form

o0
I = / dry Que(r)) - o(r1. E) jus (i)
0

Kly

o0
< / dry O e, (r)) o (ra. E) jua(@yr2)

|

+

o0
/ A Qo (M) FE (11, E) ju (@r1)
0

Wy

v

y / dry gy () EE o(r2, E) ja (). (26)
0

We recall that for the case of the Compton scattering, con-
sidered here, Q.. (r2) is the continuum solution of the Dirac
equation. Taking into account the asymptotic behavior of this
function, as well as that of the radial Green’s function regular
at the origin, the integral (26) becomes rapidly oscillatory and
converges only polynomially. To perform the integration for
such a complicated case, we employ two different approaches.
The first one follows the method developed in Refs. [33,34]
in which the integration domain is split into regions close to
and far from the origin. While one has to perform a numerical
integration near the origin, the use of asymptotic expansions
of Whittaker and spherical Bessel functions for r; — oo and
ry — oo allows an analytical evaluation of the integral at
large distances:

/ dr P(ry) / dr, Q(r»)
0 0

R() r
- f dr P(r) f dr, Q(r2)
0 0

Numerical integration

00 R[’)
+ / dr P(ry) / dr, Q(r2)
Ry 0

Analytical integration Numerical integration

+ / an P [ dnoen. @)
R

/
0 Ry

Analytical integration
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FIG. 3. Double-differential Compton cross section d?cy,, (upper panels) and linear polarization (lower panels) for photons scattered by
hydrogenlike neon, Ne®*(1s), at the angle 0y = 120°. The calculations were performed within the framework of the impulse approximation
(IA; red dashed line) and S-matrix theory (blue solid line) for incident photon energies of Ziw; = 10 keV (left column), 40 keV (middle column),
and 300 keV (right column). The prediction of the free-electron approximation, Eq. (8), is also shown (FEA; cross symbol) for the polarization

of the scattered photons.

Here, for the sake of brevity we used the shorthand nota-
tions P(ry) = w%in,K,-(h)FKLV,oo(h, E)jr, (wir1) and Q(ry) =
OF,,(r2) FKLv,o(r% E) ji,(wsrs). Moreover, the parameters Ry
and R;, are chosen such that the arguments of the Whittaker
functions appearing in the integrand are sufficiently large,
ensuring rapid convergence of their asymptotic expansions.
The correctness and convergence of the analytical solutions
can be verified by varying Ry and R;,.

As an alternative approach to the evaluation of the integral
(26), we employ a method based on a Wick rotation of the
integration contour. In this method, the asymptotic oscilla-
tory behavior of the integrand, ~elPrtor=pr s converted
into exponential damping by rotating the contour into the
negative complex plane, r — —ir. For p, > ps + wy, the
rotated integral converges rapidly and can be evaluated with
machine precision. Both approaches yield identical results for
the integral, thereby providing a cross-check of the numerical
implementation.

V. RESULTS AND DISCUSSION

After reviewing the theoretical background, we are
ready to present the results of our calculations for the

double-differential Compton cross section and the linear
polarization of the scattered photons. We start with the scat-
tering of completely linearly polarized x-rays with energies
hw; = 10, 40, and 300 keV by a hydrogenlike neon ion N e,
initially in the ground ls state. In Fig. 3 we compare the
impulse-approximation (red dashed line) and S-matrix (blue
solid line) predictions for the cross section (upper panels)
and the Stokes parameter Pl(f ’ (lower panels). Whereas Pl(f )
is obtained from Eq. (1), the cross section corresponds to the
case in which the polarization of the scattered photons is not
analyzed:

dzgsum i)y _ d20 10)
W(Pl )= ;W(Gﬂﬂ ) @8

In what follows, we refer to this quantity as the “polarization-
summed” cross section and denote it by d20 gy for shortness.
Both, d?0y,, and Pl(f ) are displayed here as functions of final
photon energy /iw; and for the scattering angle 6, = 120°.
The TA and S-matrix polarization calculations are compared,
moreover, with the free-electron result (8), which is applicable
for the Compton energy fiwc.
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The three incident photon energies w; selected for the
calculations in Fig. 3 allow us to probe different kinematic
regimes of Compton scattering. These regimes can be dis-
cussed from two complementary viewpoints, namely in terms
of energy and momentum. From the energy viewpoint, the
kinematic regimes can be characterized by the ratio w;/wc,
which quantifies the shift of the Compton peak and thus
reflects the role of recoil. Using Eq. (6), one finds that, for
a fixed scattering angle, this ratio grows linearly with the
incident energy:

Wi

— =1+ w;(1 —coséy). (29)

wc
As w; increases, the calculations in Fig. 3 span different
recoil regimes, ranging from w; < m,, where recoil is weak,
to w; ~ m,, where recoil effects become substantial. This
evolution is reflected in the strong leftward shift of the
Compton peak (black arrow), from w¢ ~ w; at 10 keV to
wc ~ 0.53 w; at 300 keV.

From the momentum viewpoint, the kinematic regimes
explored in Fig. 3 are governed by the ratio of the characteris-
tic bound-electron momentum p, to the photon momentum
transfer ¢g. For an incident photon energy of 300 keV, the
ratio is much smaller than unity, p;,/q < 1, indicating that
the binding potential becomes negligible during the scat-
tering, and the electron effectively behaves as a quasifree
particle. The use of the impulse approximation is therefore
well justified in this regime, as can be seen from the right
column of Fig. 3. Indeed, both the IA and the more sophis-
ticated S-matrix approach predict double-differential cross
sections that are in very good agreement over a fairly wide
energy range around the Compton peak, fiwc =~ 160 keV.
Moreover, the IA and S-matrix calculations for the linear
polarization of the scattered photons Pff ) also match well with
each other for 80 < 7w, < 200 keV. In addition, at the posi-
tion of the Compton peak, the predictions of both approaches
reproduce the free-electron result, Pl(f ) & 0.55, at the
1% level.

While the impulse approximation provides a good descrip-
tion of both the cross section d?og, and the polarization
Pl(f ) for fiw; = 300 keV, the situation changes noticeably as
the incident photon energy decreases. In this case, the ratio
Pb/q increases and may even exceed unity, indicating that the
electron binding effects play an important role in the scatter-
ing process. The middle and left columns of Fig. 3 clearly
show that, as p,/q becomes larger, the agreement between
the A and S-matrix results rapidly becomes restricted to a
narrow interval around the Compton peak. In particular, for
hwy < hwc the impulse approximation strongly underesti-
mates the polarization-summed cross section d?og,, and fails
to predict the onset of its infrared divergence at fiwy — 0.
The physical origin of this failure can be traced to the pole
terms of the second-order S-matrix amplitude. Indeed, in the
limit ws — 0, an intermediate continuum electron state be-
comes nearly degenerate with the final electron state, so that
the corresponding energy denominator gives rise to the soft-
photon enhancement. As discussed in Refs. [15,35,36], this
limiting behavior is described by the low-energy theorem: the
Compton matrix element factorizes into the photoionization
matrix element and a universal soft-photon factor. This is an

example of the familiar infrared singularity of QED, which
appears when a process becomes indistinguishable from the
corresponding lower-order process accompanied by the emis-
sion of a photon with vanishing energy. The resulting infrared
rise is naturally included in the S-matrix treatment, but is not
reproduced by the impulse approximation, where the spec-
trum is obtained by folding a free-electron scattering kernel
with the initial bound-electron momentum distribution. Fur-
thermore, the S-matrix calculations predict a much stronger
depolarization of the outgoing radiation compared with the
IA results. This depolarization is most pronounced at low fi-
nal photon energies fiws, where Compton scattering becomes
increasingly sensitive to electron-binding effects neglected in
the impulse approximation.

Having discussed Compton scattering by the K shell of
neon, we now proceed to the case of lead, Pb¥'*, as an ex-
ample of a heavy atomic target. Interest in such high-Z targets
irradiated by polarized x-rays has been stimulated by recent
experiments at the PETRA III synchrotron at DESY [22]. In
Fig. 4, we display the double-differential cross section d?ogp
and the linear polarization Pl(f ) of photons scattered by
Pb®*(15) at the angle 0y = 120°. The calculations were car-
ried out within the impulse approximation and the S-matrix
theory for linearly polarized incident photons with energies
hw; = 175 keV (left column), 250 keV (middle column), and
700 keV (right column). As in the case of neon discussed
above, the three incident energies may also be viewed from the
energy perspective as probing different recoil regimes. In the
following, however, we focus primarily on their momentum-
space interpretation in terms of the ratio p,/q, since this
parameter is more directly relevant for comparing the IA
and S-matrix results. For the higher photon energy hw; =
700 keV, for example, this ratio is less than unity, suggesting
that the impulse approximation should provide a reasonable
description of the scattering process. Indeed, as shown in
the right column of Fig. 4, the IA and S-matrix calculations
exhibit the same overall energy dependence and remain close
to each other over the interval 100 < fiw; < 500 keV around
the Compton peak hwc = 230 keV, both for the differen-
tial cross section and for the polarization Pl(f ). However, a
markedly different behavior emerges for the lower incident
photon energy hiw; = 175 keV, corresponding to the regime
p»/q > 1. Here, no Compton peak appears in the double-
differential cross section, since the large binding energy of the
K-shell electron in Pb8!* limits the scattered-photon energy
hwy to values below fiwc. Moreover, as expected, the impulse-
approximation and S-matrix calculations remarkably disagree
in this kinematic regime. In particular, as in the case of the
Ne target discussed above, the IA yields differential cross
sections that are significantly smaller than the corresponding
S-matrix predictions. In contrast, for the linear polarization of
the scattered photons, the impulse-approximation calculations
overestimate the S-matrix results, except for photon energies
howys ~ 60-70 keV.

So far, we have discussed Compton scattering of x-rays
that are completely linearly polarized in the reaction plane,
Pl(’) = 1. As mentioned above, this is not the case for recent
synchrotron experiments, in which the degree of polarization
of incident radiation is slightly below unity [22]. In what
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FIG. 4. Double-differential Compton cross section d’cy,, (upper panels) and linear polarization (lower panels) for photons scattered by
hydrogenlike lead, Pb®'*(1s), at the angle 0r = 120°. The calculations were performed within the framework of the impulse approximation

(IA; red dashed line) and S-matrix theory (solid line) for incident photon energies of 7iw;

175 keV (left column), 250 keV (middle column),

and 700 keV (right column). For the polarization of the scattered photons, the prediction of the free-electron approximation, Eq. (8), is also

shown (FEA; cross symbol).

follows, therefore, we employ the S-matrix theory to in-
vestigate how the differential cross section d?0gm and the
polarization of the scattered photons Pl(f ) depend on P](i). For
instance, Fig. 5 displays results for the scattering of 300 keV
photons by Ne?* (left column) and 250 keV photons by Pb8'*+
(right column). The S-matrix calculations were performed
for the scattering angle 6y = 120° and for several degrees
of linear polarization of the incident radiation: Pl(i) =1 (blue
solid line), Pl(i) = (.85 (red dashed line), and Pl(i) = 0.7 (green
dotted line). As seen from the figure, the reduction of Pl(i)
affects both the Compton cross section and the polarization of
the scattered photons. In particular, one observes that d?0gum
becomes larger, whereas Pl(f ) becomes smaller, as the degree
of linear polarization Pl(i) of the incident radiation decreases.
To gain a qualitative understanding of this behavior, we refer
to the classical Thomson limit of Compton scattering (9), in
which the polarization-resolved cross section depends directly
on the relative orientation of the initial- and final-state polar-
ization vectors. For the geometry considered in the present
study (see Fig. 1), this leads to the following expression for the
cross section describing the scattering of partially polarized
incident radiation, after summing over the polarization of the

outgoing photons:

2 __(Th
d O—s(um) (

pY 30
deda)f 1 )O( ( )

2 2

The above relation clearly indicates that, as Pl(i) decreases
from unity while remaining positive, the cross section in-
creases. This behavior has a simple classical interpretation.
For fully linearly polarized incident radiation with the polar-
ization vector lying in the scattering plane, i.e., for Pl(’ =1,
scattering in this plane is suppressed, since the electron os-
cillates along the polarization direction and dipole radiation
vanishes along the oscillation axis. As the incident radiation
becomes less polarized, Pl(’) < 1, a perpendicular polariza-
tion component contributes increasingly to the scattering,
thereby reducing this suppression and enhancing the cross
section [20].

In contrast to the cross section, the degree of linear
polarization Pl(f ) of the scattered photons is governed by
the difference between the polarization-resolved cross sec-
tions d?o (e, Pf')) and d%o (€s |, Pl(’)), normalized to their
sum, see Eq. (4). In the Thomson limit the difference is
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FIG. 5. Double-differential Compton cross section d>cy,, (upper panels) and linear polarization (lower panels) for 300 keV photons
scattered by Ne’t (left column) and 250 keV photons scattered by Pbs!+ (right column), at the angle 8, = 120°. The S-matrix calculations

were performed for three degrees of linear polarization of the incident radiation: Pl(i) =1 (blue solid line), Pl(i) = 0.85 (red dashed line), and
P,(’) = 0.7 (green dotted line). The predictions of the free-electron approximation, Eq. (8), are also shown (cross symbol).
given by transfer, p;,/q < 1, and the scattered-photon energy 7wy is in
the vicinity of the Compton peak, the FEA and the S-matrix
d?o ™ ; d?o ™ ; results exhibit not only qualitative but also quantitative agree-
S (e PY) = ST (1, PY) ults exhibit not only qualitative but also quantitative ag
dQpdwy 7 1 dQpdwy 7 1 ment. This is illustrated in the left column of Fig. 5, where the

cos’0y —1  1+cos’0;
P

> 5 3D

This expression implies that an incident beam, fully linearly
polarized along the x axis (P](') = 1), gives rise to the largest
difference between the cross sections d2o ™Xes |, P” = 1)
cos? 0y and dza(Th)(ef,l, Pl(i) =1)=0.As Pl(i) decreases, the
difference becomes smaller, which in turn leads to a reduction
of the polarization Pl(f ) of the scattered photons. In terms
of the classical dipole picture, a reduction of the incident
linear polarization Pl(’) weakens the preferred oscillation di-
rection of an electron, induced by the incoming field, and
thereby diminishes the difference between the two orthogonal
polarization components of the scattered radiation. Thus, de-
spite the additional complexity introduced by relativistic and
binding effects, the Thomson-limit picture provides a simple
qualitative explanation of the pronounced Pl(’) dependence
observed in Fig. 5.

The depolarization of the scattered photons as the pa-
rameter PI’) decreases is also predicted by the free-electron
approximation. In the kinematic regime where the bound-
electron momentum is small compared with the momentum

results for K-shell scattering on Ne’* are presented. Indeed,
both theories predict at the Compton peak Pl(f )~ 0.55, 0.30,
and 0.10 for Pl(i) =1, 0.85, and 0.7, respectively. In contrast,
for the scattering of 250 keV x-rays by Pb®'* (right column
of the figure), the FEA no longer reproduces the S-matrix
results quantitatively. Such a behavior is expected since the
kinematic parameter p;/q is of the order of unity in the present
case, indicating that electron binding effects play an important
role. For Pb8!™| these effects are further enhanced by the large
nuclear charge, which leads to a strongly bound electronic
state and hence to a larger deviation from the free-electron
picture. Nevertheless, the FEA still captures the overall trend
of the results: the depolarization of the scattered photons with
decreasing incident polarization Pl(’).

While in the previous figures we examined Compton scat-
tering at an angle 6y = 120°, Fig. 6 presents results for
0y = 90°. This is a special geometry in which scattering in the
plane of linear polarization of the incident radiation is strongly
suppressed. In particular, in the classical dipole (Thomson)
limit the cross section (9) vanishes identically when ¢; and €
are orthogonal. Consequently, scattering at 90° is highly sen-
sitive to the polarization of the incident radiation: even small
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FIG. 6. Double-differential Compton cross section d?oy,, (upper panels) and linear polarization (lower panels) for 40 keV photons
scattered by Ne’t (left column) and 700 keV photons scattered by Pb®!+ (right column), at the angle 6; = 90°. The S-matrix calculations
were performed for three degrees of linear polarization of the incident radiation: Pl(i) =1 (blue solid line), Pl(i) = 0.85 (red dashed line), and
P,(” = 0.7 (green dotted line). The predictions of the free-electron approximation, Eq. (8), are also shown (cross symbol).

variations of Pl(i) may lead to pronounced changes in both
the intensity and the polarization of the outgoing photons. In
the past, the high polarization sensitivity of elastic Rayleigh
scattering at angles near 90° has been used to diagnose the
polarization of radiation from the PETRA III synchrotron
[22,37]. A similarly pronounced sensitivity to Pl(’) is observed
for Compton scattering of 40 keV x-rays by Ne’*t, as seen
in the left column of Fig. 6. The polarization of the scattered
photons with energies near the Compton peak even changes
sign for a relatively small decrease of Pl(’) from 1.0 to 0.85.
Such a strong Pl(i)-dependence exhibited in the Ne’* case
can be explained by the fact that the kinematic condition
hwy ~ hw; holds, implying that the scattering approaches the
Thomson limit. As discussed above, in this limit and for
0y = 90°, the scattering channel in which both the incident
and scattered photons are polarized within the reaction plane
is strongly suppressed. As a result, even a relatively small
fraction of incident photons, polarized perpendicular to the
reaction plane, can dominate the scattered intensity and thus
lead to Pl(f ) <0.

In contrast to the Net case, the cross section and polar-
ization of the photons scattered by Pb®'* are less sensitive
to the polarization of the incident 700 keV y rays; see the
right column of Fig. 6. The weaker polarization dependence
can be attributed to the significant recoil, iws < hw;, which

indicates that the scattering takes place far from the Thomson
regime. Both effects reduce the sensitivity of the scattering
process to P

VI. SUMMARY AND OUTLOOK

In summary, we performed a theoretical study of Compton
scattering of linearly polarized x-rays and y rays by bound
electrons. Particular emphasis was placed on the double-
differential cross section and the polarization of the scattered
photons for the case when the emitted electron is not observed.
Both properties were analyzed using the S-matrix theory and
the relativistic Green’s function approach. Moreover, predic-
tions of the free-electron and impulse approximations were
also obtained, providing an additional benchmark for our
calculations.

Based on the developed theoretical approaches, detailed
calculations have been performed for Compton scattering by
a K-shell electron in hydrogen-like Ne’* and Pb%!* ions.
A broad range of incident photon energies and scattering
angles was considered to probe various kinematic regimes.
These regimes can be discussed from two complementary
viewpoints, namely in terms of energy and momentum. For
the former, the relevant quantity is the ratio w;/w¢, which
quantifies the shift of the Compton peak and thus reflects the
role of recoil. For the latter, one considers the ratio of the
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bound-electron momentum to the photon momentum transfer,
P»/q, which indicates how strongly binding affects the scat-
tering. Since the momentum-based viewpoint is commonly
used to assess the validity of the impulse approximation, we
mainly rely on it in our analysis. In particular, for p,/q < 1
and energies near the Compton peak, the S-matrix results gen-
erally agree well with the impulse-approximation predictions.
For p,/q > 1, where effects beyond the quasifree description
become increasingly important, the present calculations in-
dicate that the impulse approximation usually overestimates
the polarization of the scattered light and underestimates the
Compton cross section. Both deviations become more pro-
nounced as one moves away from the Compton peak.

Of particular interest in the present work is the depen-
dence of the Compton cross section and, especially, the
polarization of the scattered photons on the degree of linear
polarization of the incident radiation. This investigation was
motivated by recent photon-scattering experiments at the PE-
TRA 1II facility, where the synchrotron radiation was slightly
depolarized. Our calculations show that, for the kinematic
conditions explored in the present work, a reduction of the
incident linear polarization leads to a marked depolarization
of the scattered photons, accompanied by an increase in the
Compton cross section. A particularly pronounced polariza-
tion effect occurs for scattering at angles near 90° and in
the small-recoil regime, i.e., when wy ~ w;. In the cases
studied here, this effect is especially strong for low-Z tar-
gets, for which binding effects are weaker and the scattering
more closely approaches the Thomson limit. Moreover, the
present calculations demonstrate that a quantitative analy-
sis of polarization in bound-state Compton scattering over a
wide range of kinematic regimes requires a rigorous S-matrix
treatment rather than the simplified free-electron and impulse-
approximation approaches.

The present theoretical study has been restricted to Comp-
ton scattering by hydrogen-like ions. Hence, both the wave
function and the Green’s functions of an electron were gen-
erated for a pure Coulomb potential. One can note that
one-electron atomic systems represent, of course, a spe-

cial case. Nevertheless, x-ray and y-ray scattering by heavy
hydrogenlike ions is of interest for future experiments within
the Gamma Factory project at CERN [38] and at the FAIR
facility in Darmstadt. Moreover, test calculations, aimed at
reproducing the data of Bergstrom et al. [15], show that
Coulombic wave- and Green’s functions provide reasonably
accurate predictions also for inner-shell scattering in neu-
tral atoms. Still, electron-electron interactions in Compton
scattering by heavy atoms require particular attention. A nat-
ural first step is to extend the present S-matrix approach to
effective screening potentials, which account for the dom-
inant static part of the electron-electron interaction while
preserving the one-electron Green-function formalism. Such
an approximation, however, cannot describe many-body ef-
fects beyond the mean-field level. A more comprehensive
treatment requires second-order matrix elements constructed
from many-electron wave functions, with a summation over
the corresponding many-electron spectrum. Although this task
is much more demanding, B-spline basis-set methods pro-
vide a practical route for such calculations: they allow one
to construct a discrete and sufficiently complete one-electron
pseudospectrum, from which many-electron basis states can
be built [39-41]. The comparison between mean-field calcu-
lations and many-electron approaches based on B-spline basis
sets will be an important subject of our future studies, espe-
cially for assessing the role of electron-electron interactions
in polarization-resolved Compton scattering.
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