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Abstract

The shaping algorithm, introduced in (1], was developed further and applied to design

. Lerieal Ton Lioht oot
high-performance aspherical lenses for light optics.

1 Introduction

In this paper we develop further the ”shaping algorithm”, introduced in [1]. As befo-
re, we shall interpret "the shaping” as a search for a continuous function (the so-called
"goal-function”) which provides an extremum of the optimization criterion and satisfies
boundary constraints. In this advanced version the boundary constraints may either be
fixed or may vary during shaping, depending on the actual problem to be solved.

We will systematize our method and broaden its application for light optics. A search
for “non-standard” geometry for optics design is a challenging idea. In this paper we
give a few examples of high-performance glass lenses, designed by our algorithm. The-
se multi-functional lenses with aspherical surfaces will have much more better optical
characteristics than spherical ones, especially for full aperture beams [2, 3].

2 New Features of the Shaping Algorithm

A detailed computational scheme of the shaping algorithm was described in [1]. The
optimal shaping was formulated in terms of a constrained variational problem, whose
solution should represent a function F(s) minimizing a quantitative criterion ®(F(s)) and
satisfying additional boundary conditions:

@(F(s)) — min (1)

subject to:
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(2)

where the function F(s) varied within an interval [So,8;] (§ = §; — 8o is its length) and
F(®) = d°F /ds?. The set of conditions (2) define the function values Fy; and derivatives
}—éﬁ) on the boundary.

A numerical method to solve the problem (1)-(2) was based on the Ritz approach [4],
which was reduced then to a constrained gradient minimization. Our optimizer worked
well with arbitrary boundary constraints, even with singular ones, as it was shown in [1].

During further numerical experiments we faced some situations when the convergence
of the minimization process became slower and/or the minimum was not achieved at all.
It necessitated further developments and improvement of the algorithm.

Split of the shape function. An effective way to increase a flexibility of the com-
putational scheme, introduced in [1] to solve (1)-(2), is to split the original function

F(s) = Fuar(8) + Frack(s), where
Fuar(g()) 0 Fvar (gl) =0
@) (3) =0 F(p) (3,)=0

var

i

(3)

and

Fback(g()) = fD Fback(gl) = fl

P (&) = 7P P = 7 <4>
with p = 0,1,... P. The function Fy,.4(s) represents now the "background function”,
satisfying the boundary constraints, does not vary during shaping, while F,,.(s) does. An
appropriate split may significantly accelerate the convergence to the solution (see ref.[5]).

The solution of the auxiliary problem (1), (3-4) may be found by the regular procedure
from [1], when the Fourier series will include only even harmonics.

The convergence of minimization can be very high due to “non-steep behavior” of
F(s), whereas the "background function” Fy,., responsible for non-zero boundary, could
have a very special behavior, even with a singular boundary (see for details (1, 5, 6].

In the simplest case there are only four constraints: JFo, Fi, F§, F; , and the
background function Fy,..(s) therefore can be represented by a cubic polynomial. For
many practical situations these four constraints are quite sufficient.

Matching of Boundary Constraints. As a result of such a split representation of
F'(s) we could manage very special boundary limitations and, what is also important, it
helps to come to a new understanding of the original variational problem.

Until now we were considering the frozen boundary limitations. In the meantime the
choice of these constraints is not trivial, excepting those cases when they are well-defined
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a priori or there is a mandatory demand to satisfy certain limitations known beforehand.
However, if the initial assignment of Féf’l) is too rough, the solution can not be found at
all. Numerical studies showed us that if this boundary set would be changed even slightly,
we could succeed in searching for the better solutions.

We had to develop further our algorithm for the situation with released edges, which
presents a more general case of constrained optimization [4, 7]. We assume now that
the boundary constraints féﬂ), etc. are not permanently fixed anymore: they can be
"de-frozen” and corrected in a proper way.

The manual selection of the appropriate boundary parameters is too slow and is ac-
ceptable only for simple situations, when we fit the boundary set every time before the
shaping session. Our computer program releases the boundary during the shaping and
matches them automatically. Technically this idea was realized via the abovementioned
split of the original function, where Fy,.; is responsible for the constraints and F,,. is
used to do "the fine” tuning.

There are two steps in the current version of the optimization subroutine: an internal
block, which performs the shaping within strictly fixed boundary, tuning F,.., and an
external loop which optimally varies the "background function” Fy,e, matching the set
of constraints. The switch from internal block to external loop, then back to internal
block and so on, helps to pass local minima, finding the global minimum of the criterion
@(F), i.e. the very best solution of the problem. Note that the matching of féf/’f can be
selective: either all this set is being matched or only a subset (e.g. only one edge can be
released, only coordinates, only derivatives, etc.).

In the examples below this technique was used quite often and rather successfully that
gives us confidence to recommend it especially for those situations where the boundaries

are not well-established prior to the design.

3 Design of Aspherical Lenses for Light Optics.

Spherical lenses are widely used in light optics and have the advantages that the fabrica-
tion and control of spherical surfaces are rather easy to provide. Another circumstance,
which facilitates a theoretical analysis and practical design of optical systems, is that high
order aberrations for these lenses are expressed by the same universal formulae. Howe-
ver, some imperfections of spherical lenses are inevitable and deteriorate the quality of
focusing especially when using non-paraxial large aperture ratio and/or inclined off-axis
beams. As a result well-known aberrations arise, such as astigmatism, coma, spherical
aberrations, distortions and field curvature [2, 8].

A possible way to upgrade parameters of optical devices is to use aspherical lenses
[2, 3, 9]. Application of these lenses becomes very important if we build objectives with
large relative and angular apertures, increased brightness, sharpness and extreme resolving
power. The aspherical surfaces also help to reduce the number of lenses, that gives an
additional gain and is especially attractive for portable devices (best brands of cameras
often use such high-performance lenses). Note, that hystorically the idea of non-spherical
glass surfaces originates from Descartes and Huygens [10], who had studied some features
of aspherical lenses and derived analytical formulae for their surfaces.

Nowadays, the optimization of optical systems uses widely computer methods. A



possible computational approach to find optimal lens surface can be formulated as a
solution of our variational problem (1)-(2), and our "shaping” algorithm will eliminate
spherical, 5-th and higher order aberrations, distortion, coma and dispersion. Optimal
surfaces of lenses will be found in frames of geometrical ray optics, based on the Fermat’s
principle of least time.

The refraction law, realized in the computational block of ray tracing, gives a relation
between the angle of incidence v; and the angle of refraction v, according to the refraction

law:

where the coefficient n,; stands for the refraction factor (for glass lenses this coefficient is
about of ng; ~ 1.5 — 1.65). When the lens thickness is relatively in comparison with its
size, there is a relation between the image distance L™%9¢ and the object distance Le°b¢¢:

. ! - ,_1 = _1_\(_%__“1_\ (5
I image _ Dl Lob]ect — D2 VAN / X

“
where R, are curvature radii and D 5 are thickness’ of the lens from the corresponding
surfaces to the center. All rays are paraxial. This model is the so-called “thin lens

approximation”.
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Figure 1: Hlustration of spherical aberrations: a bunch of rays z.(l) (r=1,...,10) passes

through a spherical lens, whose aperture ratio is of @ : f=1:0.862.

Let us consider a symmetrical spherical lens (with both radii |R; 2|=50 mm) and with
a diameter @ = 60 mm, whose surfaces are described by the shape function Fgp,(s):

5+ (Fon(s) £40) = RS,

Substituting in the formula (5) Ry =50 mm, Ry =-50 mm, L°**'=-100 mm, D; ,=10
mm and assuming the refraction factor nyy = 1.50 (close to a refraction index of a usual
glass), we find that the image distance must be equal to Li™%°=122.5 mm.



The principal focus f of such a spherical lens can be found by

n?IRIRQ
(no; — 1)[”21(32 — Ry) + (ng; — l)D]

and is equal f=51.72 mm; the relative aperture ratio therefore is of @ : f=1:0.862, that
is rather extreme.

In Fig. 1 a result of numerical simulation is shown: N™®¥* rays, ejected from the object
point (0,L°%°") pass through the spherical lens: paraxial rays have a fine focus in the
point L™ = 122.5 mm, that coincides pretty well with the analytical result. The
quality of non-paraxial focusing, however, is spoiled, that illustrates the well known effect
of spherical aberrations, relevant to any spherical lens.

f= (6)

Elimination of Spherical and Higher Order Aberrations by Lenses Shaping.
Now we apply the “shaping algorithm” to find aspherical lenses with improved focusing
properties. The coordinate and slope of every ray are given by z.(l),z’({) where [ is
a distance from the object point. Note that the shape function F(s), describing lenses
surfaces, is placed now orthogonally to rays propagation (compare with ).

The most natural and simple construction of optimization criterion to minimize sphe-

rical aberrations (”SA”) is a minimum of rms dimensionless deviation in the image point:

1 Nreys $2 Limage 1/2 .
Os4(F) = {Nmys Z ”(X2 )} — min

re=1 a

(7)

where the divisor X? stands for the square of lens aperture and is used for normalization.
The minimal possible value of ®g4 is obviously zero, that corresponds to ideal focusing
without dilution.

The boundary conditions now can be written as

Fo,li) = Folly

F'(80,l1) = Fl
F(go,lg) == f@([

F'(30,l) = Fi(ls

F(go,lp) :Fo(lp) F(gl,lp) :fl(lp)

F'(8o,lp) = Fyllp) F'(s,lp) = Fi(lp)

where 1 < p < P and “P” now denotes the number of lenses used (our program has no
limitations on “P”, but usually the number of glass lenses hardly exceeds 8-10).

Since the calculation of the criterion (7) is based on a straightforward ray tracing the
optimization procedure operates pretty fast and the aspherical surfaces, corresponding to
the minimum of ®g4 were found within few seconds (for N™%¥ = 40, using PC with
CPU 200 MHz). The unknown boundary parameters Fo(l,), Fi(l,), Fi(l,), Fi(ly) were
found also numerically, as it was described above in section 2.

Fig. 2 shows the shape function Fyy,1(s), corresponding to the optimized aspherical
lens which ensures the fine focusing both for paraxial and non-paraxial beams, as demon-
strated in Fig. 3. We assume that the object distance is L% = —100 mm, the image
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Figure 2: Shape functions Fyspni(s). Refraction factor is equal 3/2.
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Figure 3: The optimized aspherical lens with the shape function F,pn1(s) and the relative
aperture is of ¢ : f=1:0.75, providing a fine focusing for full aperture beams.

distance is L'™%¢ = 100 mm and @=60 mm; the principal focus is equal f=45 mm
(found numerically, since the analytical formula (6) is not valid anymore). As a result,
the aperture ratio is of @ : f =1:0.75, that is even more extreme, than for the considered
above spherical lens.

Note, that here and below we are not using an analytical power expansion to represent
aberrations, but perform a straightforward ray tracing. It means, that the found lens
actually eliminates 3-rd, 5-th and higher order aberrations for extreme magnitude of the
aperture ratio. This is a very good practical result.

The optimization can be performed for different object and image distances (even for
Lo%e = oo or L'™%° = 00) and for various combinations of constraints, as shown further.
In particular, the aspherical lens can be symmetric, that sometimes may be useful as well.

Distortion. The next question which arises after suppressing the spherical aberration
is a minimization of distortion. If the object has a height £°%*" and the image has corre-



30 30

S [mm]

204 420
image
0 Lobject 10
/ﬁE\

0+ o]
-0 \\Ei/ -0
—20- 4-20

F=57, ( 1:0.95 )

I [mm]

- 30 T T T T - -30
-150 -*00 ~-50 ¢} 50 100

Figure 4: The optimized aspherical lens with the shape function F,,ps2(s) and the relative
aperture is @ : f=1:0.95, providing a fine focusing for full aperture beams.
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Figure 5: Shape function F,pn(s). Refraction factor is equal 3/2.

spondingly A'™¢ then the presence of distortion means a changing of the magnification
factor K for different “A” magnitudes.

hobject

K(F) =

- himage

The distortion will be absent when K(F) = const. The suppression of distortion is
important when we wish to obtain the true image picture for the full aperture.
Obviously, the criterion @ should include an additional “distortion term”:

@(F) = (DSA -+ (I’Disf -3 min

where ®p;y = dK/dh (obviously, for ® .y (F) = 0 we have no distortion at all).
It was shown in [5], how an optimized lens manages spherical aberration combined
with distortion, using the full aperture.
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Coma. The coma arises when the object points are off-axis. To reduce this aberration,

the ”Abbe criterion” should be satisfied (see for more details [2, 8, 11]), so our algorithm
should additionally minimize the "coma term”:

1 Nrays Sin<$/<Lobject)) 12}1/2
Oroma(F) = — —~ K|
comal(F) {Nmys :2;; [sm(xf,(if‘mage)}l J

where K is a factor of magnification. The found above function F,,,4 provides both

focusing regimes in Figs. 4,6. This solution is rather important for practical light optics
design.
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Figure 6: Non-paraxial oblique rays through the optimized aspherical lens with the same
shape function Fy4pn2(s). The coma is minimized.
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Figure 7: The aspherical lens with the shape function Fipeom(s), optimized for non-
paraxial monochromatic rays.

Chromatic aberration (Dispersion). Now we take into accont a composite structure
of white light. Since rays with different colors have different refraction factors, they will
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Figure 8: The shape function Fpqom(s).
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Figure 9: Illustration of chromatic aberration: non-paraxial rays (3 colours: red, green,
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violet) through the lens with the shape function Fpyom(s).

have different focusing lengths; this results in image dilution. So, originally fine focusing
from the Figs. 7, 8 will be spoiled by these effects, as shown in the Fig. 9: one can
distinguish the split of the original white light by three fractions (this phenomenon is
especially demonstrative on a colour monitor). The dilution of the focusing spot due to
achromatism can be partly reduced, however can not be eliminated only by one lens.

As is well known, a combination of few lenses, made from different kinds of glasses, can
correct these chromatic aberrations. We give an example of apochromatic (i.e. achromatic
for three colors: red, green and violet) system of 2 lenses, as demonstrated in Fig. 10. The
found optimized objective consists of two glued glass lenses: focusing and defocusing.

e The refraction indices of the focusing lens (crown glass) were taken as the following:
n.4:=1.5139 (for red Fraunhofer line), np=1.5163 (for yellow-green Fraunhofer lines)
ng=1.5262 (for violet Fraunhofer line).

e The refraction indices of the defocusing lens (flint glass) were taken, as n 4=1.6421

(red), np=1.6477 (yellow-green), ne=1.6725 (violet).
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Figure 10: Optimized apochromatic objective with the shape function Fyu,.(s) and the
relative aperture is @ : f=1:1.2. Two lenses with different refraction factors are used:
the focusing lens is made from the crown glass and the defocusing — from the flint glass.
Three colors: red, green and violet have a common sharp focus for full aperture beams.
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Figure 11: The apochromat shape function F,.u.(s) of two glued lenses.

The found solution is very useful, since has a very big relative ratio of @ : f=1:1.2 for
the whole spectra of visible light and consists only from two glued lenses.

The construction of the achromatic term can be similar to (7), computed for corre-
sponding colors. Note, that together with visible part of the light, one can optimize also
infrared and/or ultra violet spectra, that can be important for cameras and telescopes.

As a result, the functional, which estimates the quality of focusing, will have such a
form

(bAspherical(F) - (bSA(F) + (bDisi + (bComa(F) -+ ®Achr<F) — min (9)

which allows to design universal aspherical lenses.
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4 Discussion and Conclusion

There are some other imperfections, such as astigmatism, field curvature. Their elimi-
nation assumes additional terms in the general criterion of optimization (9). Sometimes
the requirements of ideal focusing are contradictory and the absolute minimum of the
composite functional (9) can be hardly achieved. In practice, therefore, the optimization
of optical objectives can be partial, assuming the specific purposes of the applications
and maintaining a reasonable balance of aberrations. This may be managed by weight
factors.

For general functional (9), we will be not able perhaps to design high-perfomance
aspherical lenses with very big relative ratio (e.g. with such an extreme value @ - f=1:0.75,
as in the examples above), however our method will always lead to best possible solutions.

As it was mentioned above, there is a well-known family of analytical aspherical sur-
faces (see [2]) which correct the aberrations. We want to emphasize that the aspherical
surfaces, found numerically by our method, represent a much more general set than se-
cond order analytical functions (e.g. hyperbolical, elliptical, etc.) and our algorith is able
to approximate very special shape functions.

Finally, the construction of the general optimization criterion ® may also include the
economical factors: size, weight and cost.

Numerical experiments have demonstrated an effectiveness and a flexibility of the algo-
rithm for RFQ matching sections optimization [1, 6] and for high-performance aspherical
lenses design. Currently we have good preliminary results on time-of-flight (TOF) mass
spectrometers synchronization, which allow to upgrade drastically the resolution factor of
the ions with a very big energy spread by a proper shaping of the potential of the repeller
field [12]. We have therefore a confidence to recommend our algorithm for other practical
applications, when a performance may be improved via a proper shaping.
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