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A statistical combination of the experimental lifetime estimations available in the literatures is performed
for jH and XH, including several recent measurements. The combined average values of the lifetime for
3H and #H are respectively 2167]2 ps and 192723 ps with a reduced x2 of 0.89 and 0.48. A new
insight into the lifetime estimation of the HypHI Phase O experiment by a Bayesian approach is also
presented. In this approach, several different prior distributions including the combination of previous
lifetime data and a Jeffrey prior are used. The principal mode and the smallest credible interval at 68%

of the posterior distribution, given by the prior belief of the previous measurements, are 217f}g ps and
194J_rfg ps respectively for jH and jH. The two employed approaches have revealed that the lifetime of
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hypernuclei 3H and #H can be shorter than the A-hyperon lifetime.

© 2013 The Authors. Published by Elsevier B.V. Open access under CC BY license.

1. Introduction

The study of the lifetime of heavier baryons than the nucleons
can reveal the nature of the weak interaction being responsible
for the flavor conversion and the strong interaction which governs
the structure of the quarks and gluons within the baryons. The
lightest one of such baryons is the A-hyperon which consists of
up-, down- and strange-quarks. The lifetime of the A-hyperon has
been measured very accurately over the years to be 263 +2 ps [1].

Thanks to the long lifetime of A in comparison with the typical
lifetime of resonance states decaying via the strong interaction, the
study of the nucleon-A interactions has been possible by studying
a A-hypernucleus, a bound state of nucleons and the A-hyperon,
though it has not been practical to study these interactions by

* Corresponding author at: GSI Helmholtz Centre for Heavy lon Research, Planck-
strasse 1, 64291 Darmstadt, Germany.
E-mail addresses: c.rappold@gsi.de (C. Rappold), t.saito@gsi.de (T.R. Saito).

means of scattering experiments. Additionally the study of the de-
viation of the lifetime of A-hypernuclei from the lifetime value of
the free A-hyperon could exhibit the modification of the A wave-
function in the nuclear medium. It would especially strike new
insight on their fundamental structures, though some light A-
hypernuclei are considered to have a A-hyperon weakly bound to
their core nucleus. Full understanding of light A-hypernuclei has
to be intended, and theoretical models should be able to describe
simultaneously the binding energy, the dynamics of the weak de-
cay, the value of the lifetime, and the decay modes.

Several experiments estimated the lifetime of the light hyper-
nuclei, 3H [2-9] and 1H [2,4,9-13]. At first, the lifetime values
were deduced mainly by experiments with emulsion techniques
and bubble chambers [2-7,10,11]. Then few more counter exper-
iments were performed improving the interval estimation of the
lifetime [8,9,12,13]. Yet, the dispersion of the different estimation
to each other did not allow to draw a clear conclusion on the
lifetime of those hypernuclei. It was considered that the lifetime
of the light hypernuclei should be close to the lifetime of the
A-hyperon, especially for ﬁl—l since it is weakly bound. Theoret-
ical calculations do not either provide a clear picture because of

0370-2693 © 2013 The Authors. Published by Elsevier B.V. Open access under CC BY license.
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Fig. 1. (Color online.) The likelihood function of the data set shown in [9] with the different extrapolations based on Gaussian function of jH and of XH in left and right
panel respectively. The red curves correspond to the real likelihood function obtained from the dataset. The blue and black curves correspond to the Gaussian function with
linear standard deviation and with linear variance respectively. The green curve is the average combination of the two curves.

scattered predicted lifetime values [14-22]. However, Outa et al.
measured the lifetime of /“‘H by observing the non-mesonic weak
decay mode [13], which revealed that the lifetime of XH should
be significantly shorter than A. Recently, the lifetime of jH, and
anti-hypertriton, EFI was measured at RHIC [8]. The lifetime val-

ues of jH and /‘fH were also measured very recently by the HypHI
Collaboration [9], indicating that the lifetime of these hypernuclei
is shorter than A.

In the present Letter, we report on the combined analysis of the
world data of the lifetime of 3H and {H in order to deduce the
combined interval estimation of their lifetime values. We also re-
visit the lifetime values of the HypHI experiment by means of the
Bayesian analysis. The results of these two independent analyses
infer that the lifetime of >H and ?#H could be shorter than that of
the A-hyperon.

2. Combinations of the lifetime world data

In order to summarize the lifetime values of >H and $H de-
duced in the different experiments, a good practice would be to
construct the combination of the estimations [1]. Generally the sta-
tistical combination of measurements is to combine the likelihood
functions used to estimate the lifetime values that were reported
by the experiments.

The lifetime values are usually reported as the inferred mean
value, the asymmetric errors corresponding to one standard devia-
tion and occasionally including the systematic uncertainties. In the
introduction section of the PDG review [1], the procedure to pro-
duce the combined averages and fitting is explained for reported
estimations with symmetric errors.

The situation is not as convenient when a parameter estima-
tion is reported with asymmetric errors. One reasonable procedure
is to use directly likelihood functions used for the lifetime esti-
mation and then to combine them. However, publications on the
lifetime measurements usually do not include deduced likelihood
functions, therefore, one has to parametrize the likelihood func-
tions from the deduced mean values and their asymmetric errors.
A way to extrapolate expressions of the likelihood function from
the reported measurements with asymmetric errors was discussed
in [23], and it has been applied for the lifetime observables except
for the values reported by the HypHI Collaboration. For the lifetime
estimations by the HypHI Collaboration, the likelihood functions
were provided and used for the combination. In the following, the
procedures to extrapolate the likelihood functions are discussed.
The validity of the method is also examined based on the data and
deduced likelihood functions by the HypHI Collaboration. The pro-
cedures to combine the world data and results are then presented.

2.1. Extrapolation of likelihood functions

First, the method to extrapolate the likelihood function was
tested with the data by the HypHI Collaboration [9] since likeli-
hood functions were available. The form of the extrapolated likeli-
hood function was built by applying the methods discussed in [23]
and then was compared to the known real likelihood function of
interest. Several functions were applied for better or worse extrap-
olations in the case study presented in [23].

In the following the extrapolation form which was adopted is
the variable Gaussian form (Forms 6 and 7 in [23]). Those forms
are equivalent to a Gaussian function in which the variance or the
standard deviation is a linear function of the parameter of interest.
Let us write the extrapolated functions for a likelihood function
depending on the parameter of interest x, having its maximum
at X and with the one standard deviation errors, o, and o_ ob-
tained by the likelihood ratio Aln.L = —1/2, where the 4+ and —
subscripts indicate the upper and lower asymmetric errors, respec-
tively.

For the Gaussian function with a variable variance the extrapo-
lation of the likelihood function is:

(& —x)?

InL=-1/2—"—""_
V+Vi(x—X%

(1)
in which V =0_o, and V' =0, — o_. When the Gaussian func-
tion has instead a linear variance, the extrapolation function is

written as:
5 2
1nc:—1/2((’<7x)A) @)
S+ 5 (x—X)
with s=20_0,/(oy +0_) and s’ = (0, —0_)/(04 +0_). By ap-
plying this method, the approximation of the likelihood functions
of the HypHI data was calculated and is shown in Fig. 1 with the
real likelihood function (in red line) of the jH proper decay time
ct in the left panel and of 2‘1—[ in the right panel. The two forms
Egs. (1) and (2) of a variable Gaussian function are represented
in black and blue lines, respectively. The third extrapolation form,
which is the arithmetic average of the two forms Eqs. (1) and (2),
was also investigated and is represented by the green line in Fig. 1.
A fair agreement between the extrapolations defined by Egs. (1)
and (2) and the real likelihood functions (in red line) is observed
at the small Aln /L values, however, beyond 3 standard deviation
(Aln L = —4.5), the extrapolation forms deviate from the real like-
lihood function. On the other hand, the arithmetic average of the
two forms agrees better with the real likelihood function up to 5
standard deviation (A ln £ = —12.5) as shown in Fig. 1. For the fur-
ther combination studies, the employed extrapolation form is the
arithmetic average of the forms Eqgs. (1) and (2).
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Fig. 2. (Color online.) World data comparison of jH and /‘{H lifetimes. The combined average is represented by the arrow at the top, while the width of the hatched band
corresponds to the one standard deviation of the average. The vertical line at 263.2 ps with width of £2 ps shows the known lifetime of A hyperon. References to counter

experiments is marked by an asterisk.

2.2. Application to former measurements and combinations

The extrapolated likelihood functions of the former experiments
were calculated with the manner which was discussed above. The
combination of the measurements was performed and the weight
factor of each measurement was obtained as explained in [1].
When the quoted errors of the measurements are symmetric, the
likelihood function is considered to be a Gaussian function with a
fixed standard deviation. In this case, the combined average % of
those measurements x; is:

. -1/2
&ﬂ&:Mi(Zwi) (3)

where, w; = 1/(8x;)2, and 8x is the quoted one standard deviation
of the corresponding measurement. This expression is presented in
[1] and is straightforwardly obtained from the maximization of the
combined likelihood function of the Gaussian likelihood functions
of the measurements.

In the case of the measured values with asymmetric errors, the
combined likelihood function is also maximized to obtain an ex-
pression similar to Eq. (3), though the variable w; differs from the
one of Eq. (3). The obtained expression is not linear as Eq. (3),
therefore an iterative numerical calculation has to be performed.
The interval estimation for the one standard deviation of the com-
bined average value is determined via the profile likelihood ratio
AlnL=-1/2.

A comparison of the published lifetime values of jH and XH
hypernuclei is shown respectively in the left and right panels of
Fig. 2. The combination of all the measurements was calculated
as described above to obtain an unconstrained average of the life-
time of /?{H and /‘\‘H hypernuclei. An ideogram was built in the
same manner of the PDG reviews [1,24] to display an overall pat-
tern of the measurements. It is represented by dotted red lines in
Fig. 2. The lifetime values of the combined average with the one
standard deviation for 3H and ?#H are respectively 216713 ps and

192f%2 ps. These values are represented by arrow at the top and

the hashed regions in Fig. 2. The reduced 2 values are 0.89 for
2H and 048 for {H. The exclusion band at 95% confidence level,
useful for discarding theoretical models, was also deduced. Theo-
retical values outside of the ranges of [186 ps, 254 ps] for jH and

[158 ps, 233 ps] for /‘{H can be excluded with 95% confidence level.
3. Bayesian approach

The second approach was formulated by applying a Bayesian
approach, instead of combining the measurements to obtain an av-

erage value of the }H and 1H lifetime estimations. The aim is
to deduce understanding from the data of the proper decay time
measured by the HypHI Collaboration with several prior informa-
tion. The HypHI data were chosen since the likelihood functions
for the lifetime extraction were provided. The Bayesian analysis
was carried out within the Bayesian Analysis Toolkit, BAT [25], and
RooStats [26] framework. The Bayesian inference was obtained via
the Markov Chain Monte Carlo method in order to evaluate the
complete posterior probability density function given the proper
decay time measurements for j‘H and jH and an assumed prior
distribution.

3.1. The likelihood function

The likelihood function, corresponding to the model of the life-
time 7 given the proper decay time l/(8y c) of the HypHI data,
was already introduced in [9] as:

1 gmen ]
£:1_[ [Ee ll/(ﬂlylcf)] (4)
i

in which the coefficient w} stands for the normalized efficiency
correction. More details on the fit model can be found in [9].

3.2. Description of the selected priors

The selection of the prior is an important part of the Bayesian
analysis. Several prior functions were employed in order to inves-
tigate the sensitivity and influence of the choice of the priors on
the resultant posterior distribution of the lifetime observable.

First a uniform density function 7Y% (t) was used over a large
interval enough to avoid any boundary issues. It is the simplest
prior distribution which is assimilated as no known prior lifetime
information, however the use of the uniform prior is not necessarily
the best uninformative prior. The second prior, an objective prior,
i (1), so called Jeffreys prior defined by:

(5)

was built using the Fisher information which follows the invari-
ance property [27]. It was used in order to obtain a posterior dis-
tribution from a prior reflecting the information about the lifetime
observable from the data themselves [27]. The third implemented
prior function, 7P (t), was based on the available measurements
of >H and #H lifetime older than the HypHI data. With the avail-
able extrapolated likelihood functions of previous measurements
discussed in Section 2.1, this prior distribution is defined by:
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Table 1
Summary of the parameter estimations.
7Y (T) P (1) (1) (1)

3H
Median +68% Central interval (ps) 193.27531 217.47188 181.71397 263.1729
Mode + smallest interval (ps) 18557322 215.3F187 173.07305 263.013]
95% upper limit (ps) 2755 250.0 255.0 266.4
4H
Median +68% Central interval (ps) 156.87358 193.67199 139.9%559 263.1729
Mode + smallest interval (ps) 138.41354 192.31202 125.51984 262.8135
95% upper limit (ps) 264.8 2274 2271 266.4

zrp<r>=]'[z:i//1'[£i (6)

where the index i corresponds to the ith measurement. It was
determined numerically and was employed to obtain the poste-
rior probability within the BAT framework. It should be compa-
rable to the combination procedure presented in Section 2. Fi-
nally, the fourth prior distribution, 74(t), based on the belief
that the lifetime of the /31H and /‘{H should be similar to the A-
hyperon lifetime was also considered as a Gaussian distribution
with 263.3 £+ 2 ps as parameters.

3.3. Results

Once the posterior probability density function, p(t|data) o
L(t|data)rr (t), is computed for a given prior function and data
set, one can extract several information from the posterior. The
main information from the Bayesian inference is the principal
mode (corresponding to the most probable value) and the small-
est interval containing the principal mode and at least 68% of the
posterior integral:

T+
/p(t|data) dt =0.68 (7)
T—

where 7_ and 7 are the interval bounds of interest. The median
value (value at 50% quantile) and the central interval at 68% are
also noteworthy and are defined by:

T 400
/p(t|data)dr: / p(t|data)dt =0.16 (8)
-0 (A

The upper limit at 95% for the lifetime of >H and $H hypernuclei,
discussed in the previous section, is also employed to calculate the
possible upper boundary of the lifetime values with this Bayesian
confidence level. The different values extracted from the Bayesian
analysis for the lifetime estimation are summarized in Table 1. It
includes the median value, the mode position, the central interval
at 68%, the smallest interval and the upper limit at 95%.

Figs. 3 and 4 show the resultant posterior distribution (back
line) and their given prior functions (red line) for the /?{H and /‘\‘H
data set, respectively. The mean (open blue diamond), median (dot
green line) and principal mode (red triangle) are represented in
each panel with the central interval at 68% (gray filled area).

The results for 3H and }H obtained with the uniform prior 7
are similar to the results previously reported in [9]. The median
value and the smallest interval are the information being compa-
rable with the profile likelihood interval estimation. It is expected
since using the uniform prior 7" results to have the likelihood
function as posterior distribution. It can be noted that the upper

limits at 95% confidence level with the uniform prior is approx-
imately 275.5 ps and 264.8 ps for /311-1 and XH respectively, that
cover the A-hyperon lifetime. The Bayesian inference using the
objective Jeffreys prior 777 indicates similar values to the uniform
prior, however, the posterior distribution is more constrained as
shown in the panel (c) of Fig. 3 and Fig. 4. It leads to the upper
limit at 95% for the j‘H and XH lifetime of 255 ps and 227 ps
respectively, being below the A lifetime. When the prior function
P based on the previous measurements is employed, the pos-
terior distribution of the lifetime observable is narrower and the
influence of the lifetime estimation from the HypHI data set is
comparable to the combined likelihood function of the previous
measurements as shown in the panel (b) of Fig. 3 and Fig. 4. For
this case, the deduced values in Table 1 are close to the value of
Section 2.2. The principal mode and the smallest interval give life-
time estimations of 217712 ps for >H and 19472 ps for #H. The
upper limits at 95% are approximately 250 ps and 227 ps respec-
tively. In the case of the A lifetime as a prior function, 74, it can
be seen in panel (d) of Fig. 3 and Fig. 4 that the posterior distribu-
tions do not differ from the prior function. The information from
the data is dominated by the information contained in the prior,
and only the prior information determines the posterior distribu-
tion.

Furthermore, the Bayes factor was calculated in order to de-
termine which assumption is supported by the HypHI data set
of the proper decay time of }H and #$H. The two tested mod-
els, M1 and My, correspond to two posterior distribution functions
given the prior belief 7P based on the previous measurements and
the prior 74 based on the belief on the A lifetime respectively.
The Bayes factor By defined by:

J L(r|dataywP(r)dT
[ L(z|datayrA(t)dt

Bio = 9)
is the most important quantity since it would help to judge which
model would represent better the data set. The Bayes factor for jH
and XH are about 2.7 and 3.8 respectively, which suggests more
substantial support to the lifetime values obtained by the com-
bined measurements than to the A-hyperon lifetime. Additionally
the posterior probability of the 7P model is about 72% and 79%
respectively for >H and 1H.

4. Conclusion

The combined analysis of the world data for the lifetime of jH
and /‘\‘H was performed by using a similar manner to the PDG
but with a modification for asymmetric errors. The combined av-
erage of [%H and jl—l lifetime was determined to be respectively
216712 ps and 192729 ps with a respective reduced x? of 0.89 and
0.48. The confidence interval at 95% confidence level was also em-
ployed to estimate the exclusion bands of [186 ps, 254 ps] for /%H
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Fig. 3. (Color online.) Posterior distributions for the jH data set, panel (a) for the uniform prior, panel (b) for the previous measurements prior, panel (c) for the Jeffreys
prior and panel (d) for the A prior. In each panel the posterior distribution is displayed in black line while the prior distribution is in red line.
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Fig. 4. (Color online.) Posterior distributions for the XH data set with the same configuration of Fig. 3.

and [158 ps, 233 ps] for /‘{H. Theoretical values outside of these
intervals can be excluded with 95% confidence level. This com-
bination was only possible by taking into account the extrapola-
tion expression of the likelihood functions to represent the quoted
asymmetric errors.

Additionally the Bayesian analysis of the HypHI data set of the
proper decay time measurement of XH and jl—l was performed
by means of Markov Chain Monte Carlo method. The sensitivity
of the obtained posterior distribution function to the choice be-
tween several priors was studied. Subjective and objective priors,
respectively uniform distribution and the Jeffreys prior were em-
ployed. The Bayesian analysis with the previous measurements as
a prior belief was also performed, and the resultant posterior func-
tion was compared to the one obtained from the prior belief of the

A-hyperon lifetime. Several estimations for the lifetime of XH and
jl—[ were deduced from those posterior probability density func-
tions given by the chosen prior distribution. The notable conclusion
from the Bayesian analysis was on the smallest interval at 68%
with the prior belief from the previous measurements, and results
were in good agreement with the estimated values from the com-
bined average of the lifetime. The Bayesian analysis on the HypHI
data set estimated lifetime values of >H and }H to be approx-
imately 217712 ps and 19472 ps respectively. Furthermore, the
upper limit at 95% was also deduced to be 250 ps and 227 ps re-
spectively for jH and /‘{H from the Bayesian approach, excluding
the possible theoretical prediction above this limit with 95% confi-
dence level.
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With these studies, it has been revealed that the measured life-
time of 2H and ?#H can be significantly shorter than that of the
A-hyperon. Theoretical studies of the lifetime of those light hy-
pernuclei have to be further carried on in order to gather the full
understanding of those light baryon systems, as well as further
precise measurements on the lifetime have to be performed.
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